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Abstract

This paper investigatesa new classof 2-player gamesin cortin uoustime, in which
the players' obsenations of eat other's actions are distorted by Brownian motions.
These gamesare analogousto repeated gameswith imperfect monitoring in which
the playerstake actions frequertly. Using a di erential equation we nd the set E(r)
of payo pairs achievable by all public perfect equilibria of the contin uous-time game,
wherer is the discourt rate. The samedi erential equation allows usto nd public
perfect equilibria that achieve any value pair on the boundary of the set E(r): These
public perfect equilibria are basedon a pair of cortin uation valuesasa state variable,
which moves along the boundary of E(r) during the course of the game. In order
to give playersincentiv esto take actions that are not static best responses,the pair
of continuation values is stochastically driven by the players' obsenations of eah
other's actions along the boundary of the set E(r):!
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1 Intro duction.

This paper analyzesa new classof two-player gamesin cortinuoustime that are related
to repeated gameswith imperfect monitoring (i.e. imperfectly obsenable actions). In
these cortinuous-time gamesplayers do not seeead other's actions directly; they only
seesignalsthat are distorted by Brownian motions. We are interestedin the set of payo
pairs that can be achieved in an equilibrium of the ertire game. The bene t of modeling
dynamic interactions as cortinuous-time gameslies in the clarity with which the set of
equilibrium payo s can be characterized. The cortinuous-time approad also allows for a
simple description of equilibrium strategiesthat achieve the extreme points of the set of
equilibrium payo s.

We study public perfect equilibria (PPE) and the setof payo pairsthat canbe acieved
by PPE in agamewith imperfectly obsenableactions. This setof payo pairsis denotedby
E(r) for adiscourt rate r: A PPE is a pair of strategiesthat depend only on the commonly
obsenable public outcomessud that ead player's strategy is a best response after all
public histories. The purposeof this paper is not to prove a Folk Theoremfor this classof
games,but to preciselycharacterizethe set E(r) aswell aspublic perfect equilibria.

We shaw that the boundary of the set E(r) can be found using an ordinary di erential
equation, which we call the optimality equation. The optimality equation also allows us
to construct equilibria that achieve any payo pair on the boundary of the set E(r): The
dynamics of sud equilibria are basedon a pair of cortinuation valuesas a state variable,
which moves along the boundary of the set E(r) during the courseof the game. At any
momert of time, a player's cortinuation valueis his future expectedpayo in the remaining
game. The current cortinuation valuesdetermine the players' actions and the impact of
obsened signalson motion of cortinuation payo s.

The optimality equation relatesincertiv es,the equilibrium motion of cortinuation val-
ues,and the geometry of the set E(r): In equilibrium, a player's incertives stem from the
in uence of the signal about his actions on his future continuation values. An action of a
player is optimal when it maximizeshis instantaneouspayo o w plus the expected rate
of changeof his cortinuation value. Becausesignalsare stochastic, sois the motion of con-
tinuation values. The optimality equation, shavn informally on the third panel of Figure
1, ties together four measures:

1. ine ciency, how much cortinuation valuesv fall behind the ow of payo s g(a)

2. incertiv es,the sensitivity of cortinuation valuesto public signals
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3. the amourt of noisein signals

4. the curvature of the set E(r):

We seethat noise, curvature, and the necessy to provide incertiv es cortribute posi-
tively to ine ciency. In equilibrium, as corninuation valuesmove on the boundary of the
set E(r); the tangert line givesthe ratio at which players can instantaneously transfer fu-
ture equilibrium payo s in order to createincertives. Becauseof the curvature of the set
E(r) players cannot transfer utilit y betweenead other inde nitely at the sameconstan
rate. Curvature, together with the magnitude of noisein the public signal, quanti es the
informational ine ciency .2 The greater the curvature, the more costly it is to provide in-
certivesand the greater should be the di erence betweenthe cortinuation valuesand the
ow of payo s.

The optimality equation also assignsan equilibrium action pair a to ead point v on
the boundary of the set E(r): That action pair optimally resolhesthe trade-o between
ine ciency and incertivesto stretch the boundariesof the set E(r) asfar out as possible.

This paper corributes to the theory of repeated gameswith imperfect monitoring,
which hasbeendeweloped by Abreu, Pearce,and Stacdetti (1990), hereafterAPS, and Fu-
derberg, Levine, and Maskin (1994), hereafter FLM. 3 Speci cally, cortin uous-time games
illustrate the pattern of equilibrium dynamicsin sud gamesand clearly outline the trade-
0 s involved in the choice of equilibrium actions. The cortributions of APS, FLM, and
cortinuous-time gamesare illustrated in three panelsof Figure 1, in which the horizontal
and vertical axesrepresem the players' payo s.

APS investigate sequetial equilibria of repeated gameswith imperfect monitoring.
These gameshave a great multiplicit y of equilibria. APS make the problem of nding
equilibrium payo s much more manageable.They shav that any equilibrium payo vector
can be achieved by a recursiwe equilibrium, in which the players' cortinuation valuesare
state variables. In equilibrium cortinuation valueschangelocation after every obsenation
of the public signal. The arrows in the left panel of Figure 1 illustrate the potential jumps
of cortinuation valuesafter di erent signals. The challengebehind our understanding of
discrete-time gamesis that it is dicult to seea pattern behind these jumps and the

2As noise increases,the variance of cortinuation values necessaryto provide incertiv esincreases. Be-
causeof the curvature of E(r); that increasesine ciency .

3Also, seeFudenberg and Levine (1994) for complemeriary results to FLM when the Folk Theorem
fails, and the book Mailath and Sanuelson(2006) for an excellert generalexposition of the current theory
of discrete-time repeated games.



connectionbetweenthe equilibrium dynamicsand the shape of the set of equilibrium pay-
0 s. Continuous-time gamesilluminate the connectionbetweenthe equilibrium motion of
cortinuation values,incertiv es,and the shape of the setE(r): In particular, the optimality
equationleadsnaturally to a simpler computational procedurein a cortinuous-timesetting.

FLM show that under appropriate conditions the Folk Theorem holds for repeated
gameswith imperfect information: any smaooth corvex payo setW inside the setV of
all feasibleand individually rational payo s can be achieved in equilibrium aslong asthe
playersaresu cien tly patient. The keyinsight behind FLM's proof of the Folk Theoremis
to considera speci ¢ pattern of the motion of cortinuation values. Speci cally, any payo
pair v on the boundary of W is achievable if the future cortinuation values (denoted by
w; w® and w®in the middle panel of Figure 1) are chosenon a translation of the tangert
line. The cortinuous-time setting allows us to do more: for any discourt rate r we can
characterizethe optimal equilibrium motion of cortinuation values. It turns out that this
motion stays on the boundary of the set of equilibrium payos E(r); i.e. it is locally
tangertial.

W
curvature=

Wo 2ine ciency

r (incentiv eg2(noisey

\%

APS 93 FLM 9(a) CortinuousTime ~ 9@

Figure 1: lllustration of the methods of APS, FLM and this paper.

One may be surprisedthat the informational problem persistsin our cortinuous-time
setting. After all, if playerscanchangetheir actionsfast, why canthey not instantaneously
punish all deviations? A critical feature of our model is that while the players can adjust
their actions as quickly as they want, the faster they react, the lessinformation they
obsene. This featureis in a sharp cortrast with the model adoptedin FLM, whereasthe
duration of a period is shrunk to 0, the amourt of information that the playerslearn per
period newerthelessremainsthe same. This issuewas addressedoy Abreu, Milgrom and
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Pearce(1991)in a model with Poissonarrival of signals?

Brownian motion was rst applied to the problem of dynamic incertiv e provision in
Holmstrom and Milgrom (1987). Their paper is a good examplethat in somesituations a
cortinuous-timeformulation allows usto better recognizepatterns and prove cleanresults.
The information ow in our paper is similar to Holmstrom and Milgrom (1987) in the
sensethat players learn about ead other's actions from a cortinuous processwith i.i.d.
incremerts.®

Simonand Stinchcombe (1989)illustrate many di culties assaiated with the modeling
of gamesin cortinuoustime. For example,a simple description of a strategy in discrete
time often has no equivalert in cortinuoustime. Thesedi culties arise when the actions
of one player instantaneously create information available to his opponert. This issueis
not a problem in our framework. In our cortinuous-time games,information is de ned
exogenouslyin terms of all possiblesignals, and a strategy of a player simply de nes a
probability measureover all possiblesignals.

Recernly, a number of authors have enriched the problem of optimal incertiv e provision
in a dynamic setting using the mathematical tools of optimal cortrol of di usion processes.
Sannikov (2004) and Williams (2004) both introduce a new method of analyzing the in-
formational problem in a dynamic principal-agert relationship. In both models, the agert
drivesa stochastic state X with his choiceof cortrols, but the agert's choiceis not directly
obsenable. ® Both papers analyze models with one-sidedimperfect information, where
only the agen takeshidden actions. This paper extendsthe cortinuous-time method to a
two-sidedsetting, whereboth playerstake hidden actions.

This paper is organizedasfollows. Section2 providesan exampleof a prisoners'dilemma
in cortinuoustime. Section3 formally describesthe classof cortinuous-time gamesana-
lyzed in this paper. Section4 describes seeral standard game-theoreticconceptsin our
setting: the stagegame,the minmax payo and the setsof unconstrainedpayo s and Nash
equilibrium payos. Section5 identi es incertive compatibility conditions, discusseghe
conceptof a cortinuation value, and describes PPE in terms of the stochastic motion of

4Also, Kandori (1992) shows that the set of payos achieved in PPE increasesin the accuracy of
monitoring.

SWe do not allow statistically meaningful jumps in the players' obsenations, asin the Poissonmodel
of Abreu, Milgrom and Pearce(1991). As a result, the noise has the form of a Brownian motion.

SWilliams (2004) characterizesthe optimal cortract with a partial di erential equation basedon the
following state variables: time, state X; the agert's value, and possibly other variables in an enriched
formulation. In Sannikov (2004) the optimal cortract can be derived using an ordinary di eren tial equation
basedon a single state variable, the agert's corntinuation value.



cortinuation values. Section 6 interprets this description of PPE as a stochastic cortrol
problem and characterizesthe set E(r) as well as PPE that adchieve its extreme points.
Section7 summarizesthe main results and provides an intuitiv e discussionof public per-
fect equilibria. Section8 preseris computational techniqguesand an additional exampleof
duopoly with di erentiated products. Section9 concludesthe paper.

2 An Example.

This section preseits an example,a dynamic partnership gamein cortinuoustime. Two
players participate in a joint verture. They cortinuously take actions from the setsA; =
A, = f0;1g at each momert of time t 2 [0;1 ); whereaction 0 means\no e ort" and 1
means\e ort." Players do not directly obsene ead other's past actions. Instead, they
get imperfect information about ead others' actions through publicly obsenable random
processes zZ, Z,

Xt= Alds+z!; XZ= A2ds+Zz?
0 0

where Z! and Z? are independert standard Brownian motions and A! is the action of
playeri at time t: A public strategy for player i a stochastic processf Alg; o progressiely
measurablewith respect to the history of public information that cortains X * and X 2 (to
be de ned later).

W»

=)
NN o)
N ©
N
N

(0;0)

0 1 Wy

Figure 2: Matrix of Static Payo s and Set E(r) in Partnership.
The incremerts of the processX ' re ect how much the actions of player i cortribute to
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the successf the joint venture. Players enjoy their joint successput dislike e ort. The
actual payo s of players1 and 2 are given by
Z 1 YA 1
r e "@2dx!+2dXZ 3Aldt) and r e "(2dX{}+ 2dX? 3AZdt):
0 0
Note that the instantaneous payo of player i dependson Al; dX! and dX2: The
expectedpayo s can be written as
Z 1 yA 1
E r e "q(ALAD)dt  and E r e "gw(ALAY)dt
0 0
where
di(a;a) =2a, a and (ag;a) = 2a; a:

Static payo functions g; and g, give the expectation of the rates at which the players
receiwe their payo s for any pair of actions. The matrix of expected payo s of the stage
game,shavn in Figure 2, is that of a prisoners'dilemma.

To give a taste of our results, Figure 2 also shavs a computedset E(r) for r = 0:2: In
the gure playerscanadieve payo s much better than those of a static Nash equilibrium,
but cannot achieve full e ciency dueto noise.

Let us descrilke the equilibrium that adhievesthe largest sum of payo s, correspnding
to point C on the boundary of the set E(r): During the equilibrium play, the pair of
cortinuation values follows a di usion processon the boundary of E(r); driven by the
realizationsof X : The pair of cortinuation valueshasa drift and a volatility. The tangertial
componert of the drift is shavn in Figure 2: it is directed away from points A; C and E;
towards points B; D; and the origin. Players choosetheir e ort levels depending on the
current pair of cortinuation valuesas shown in Figure 2. Both players put e ort on the
thick portion of the boundary of E(r):

Figure 3 givesthree samplepaths of the players' cortinuation valuesin the equilibrium
that achievespayo pair C: The vertical axis represets the boundary of E(r); denotedby
@&(r); with points A; B; C; D and E clearly marked.

In Figure 3, the drift of cortinuation valuesis directed away from the dashedhorizontal
lines, towards the solid lines. The solid lines represem the boundaries,where one of the
players switches from e ort to no e ort. Becauseof the drift pattern, players typically
spend considerableamourts of time in \unequal” regimesbetweenthe dashedlines, where
one player puts e ort and the other alternatesbetweene ort and no e ort.
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Figure 3: SamplePaths of Continuation Values.

The realizationsof X causeplayersto switch from oneunequalregimeto another, until
they becomeabsorked in the static Nashequilibrium, in which players stop putting e ort.
We seefrom Figure 3 that the collapseinto Nash equilibrium is fast becausethe drift
towards the Nash equilibrium point becomesstronger asthe cortinuation valuesapproadt
that point.

The partnership gamebelongsto a simple subclassof repeatedgameswith two separate
one-dimensionalsignals, whosedrifts equal the actions of the two players. These games
have a product structure (seefootnote 11) and are a useful starting point to understand
cortinuous-time gamesin general. The provision of incertivesin thesegamesis especially
simple, asdiscussedn Subsection7.1. In Section8, wherewe mostly discusscomputation,
we presert another example of a cortinuous-time game from this class, a duopoly with
di erentiated products.



3 The Setting.

Two players participate in a repeatedgamewith imperfect monitoring in cortinuoustime.
At eadh momert of time t 2 [0;1 ); player i takesan action A} from a nite setA': Players
do not seeeat others' actions A; = (A};A?) directly, but only obsene d-dimensional
public signals 7

t

Xi = (Ag) ds+ Zy; (1)
0

whereZ is a d-dimensionalBrownian motion and : A! A?! <9isadrift function.”
The arrival public information is captured by the ltration fF (g: It can be strictly bigger
than the ltration generatedby X to allow for public randomization (by both cortinuous
and discortinuous processes).A pure public strategy of player i is a stochastic process
A’ = fAlg with valuesin A'; which is progressiely measurablewith respect to fF g:
Formally, the gametakes place on a probability space( ;F;P) with Itration fF .g:
The state space of all possiblepaths of X and outcomesof public randomization, as
well asthe ltration fF g with F; = F; are xed for the game. Howewer, the probability
measureP is determinedby the players' actionsin sud a way that (1) holds?®
Player i's random total discounted payo for a pro le of public strategiesA is®
Z, Z, Z,
rooe(GADdt+h(ADdX) =1 e "(G(AD+h(A) (A))dt+r e "h(ADDZ;
0 0 0

for somefunctionsc : A'! < andh :A'! <9 wherer > 0denotesthe commondiscourt

"Throughout the paper, d-dimensionalvectorsX ; Z and are column vectors,b; ; ; and arerow
vectors, 2-dimensionalvectors g; v; w; and W are column vectors,and T and N are unit row vectors.
8 If players deviate from a pair of strategiesA = (Al; A2) to a pair of strategiesA; then the probability
measure over signals becomesaltered by the relative density process dened by o = 1andd; =
NG (At))” dX;: The value of  capturesthe relative likelihood that a path fXg;s 2 [0;t]g of the
public signals becomesrealized from strategies A° in comparisonwith A: Note that the players' actions
a ect only signalsX and nothing else,asthe relative density processdependsonly on the players' actions
and the realizations of X:
9The proper way of writing the payo of player i is
z 1 z 1
r e "G(A)dt+r e "h(AD)dX;
0 0
wherethe Lebesgueintegral and the stochastic integral are separated. Throughout the paper we put them
under one integral sign to shorten notation, recognizingthat we are mixing two types of integrals, but
believing that this cannot causeconfusion.



rate of the two players. Let
G (A) = c(AD + b(AD (AY)

be player i's expectedpayo ow at time t:

De nition. A prole of public strategiesA = (A'; A?) is a perfect public equilibrium
(PPE) if for i = 1;2; A" maximizesthe expected discourted payo of player i given the
strategy Al of his opponert after all public histories.

Formally, the expecteddiscourted payo (a.k.a. cortinuation value) of player i after a
public history at time t is
Z 1
W/ (A) = E, r e "C Y(G(A) ds+ b(A) dXs) jAgs2 1) =

t
Zl
Ecr e "CUg(A)dsjAss2[t1) : (2)

t
This expectation, conditioned on the public information at time t; makesexplicit the fact
that actionsa ect payo s directly through g (As) and indirectly becausef Ag;s 2 [t; 1 )g
determines the probability distribution over the future paths of X: Denote W(A) =
(WE(A); WZ(A))> and g(a) = (a:(a); 62(a))”:
Starting with Section6, we make two assumptionsabout payo s and signals®

Assumption 1. All action proles (a;;a;) 2 Ay A, of the stagegameare pairwise
identi able, i.e. the spansof the d (jAYj 1) matrix M(a) with columns (af;ay)
(a); a26 a; andthed (jA?% 1) matrix M,(a) with columns (a;;ad) (a); a6 a,
intersectonly at the origin.

Pairwiseiderti abilit y, adaptedto our cortinuous-time setting from FLM, implies that
deviationsof di erent playerscanbe statistically distinguished. Note that we do not require
individual full rank, i.e. independenceof the columnsof M;(a):

Assumption 2. Either

(i) Foralli=1;2anda 2 A'; the static best responseto a; is unique or

10These assumptionssene a technical role: they ensurethat the optimality equation that characterizes
the set E(r) is Lipschitz-continuous. Lemma 1 in Appendix A usesAssumption 1, and Lemma 3 uses
Assumption 2.
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(i) For all a2 A; the spansof M(a) and M,(a) are orthogonaf!

In the next sectionswe characterizethe set E(r) of payo pairs achievable by all PPE
and pay special attention to the PPE that achieve extreme value pairs of the set E(r):1?
We nd that the equilibrium play in those PPE is determined essetially uniquely and it
doesnot usepublic randomization!®* The equilibrium dynamicsare descriked in terms of
the stochastic motion of cortinuation valueson the boundary of E(r) driven by the public
signals.

4 Imp ortant Sets.

Let us review seeral conceptsthat are familiar from the theory of repeated games. A
stagegameG hasthe set of playersN = f 1; 2g; an action set of ead player A; and payo
functions g::

G = fN;(Aiiz2n; (9)i2n G

Denote the set of all action pro les of the stagegameG by A = A; Aj; and the set of
pure strategy Nash equilibria, by AN A: Let N be the corvex hull of all pure strategy
Nashequilibrium payo pairs of gameG; and V; the corvex hull of all feasiblepayo pairs:

N cofg(a)ja2 ANg V cofg(a)ja2 Ag:
The pure strategy minmax payo of playeri is

v, minmax g(a;a) (3)

1 For example, gameswith product structure, in which two separate independert signals re ect the
actions of players 1 and 2, satisfy Assumption 2(ii).

2In a game with public monitoring, any pure strategy is a public strategy. Therefore, under pure
strategies the set of PPE payo s coincideswith the set of payo s achievable by all sequetial equilibria.
This is not always the casefor mixed strategies: as shown in Kandori and Obara (2003), players can
sometimescan get payo s higher than those achievable in any mixed-strategy PPE by the use of private
strategies, in which a player's current action can depend not only on the public history of signals, but also
the private history of his own past actions.

13By allowing public randomization, we can concludeearly in Section4 that the set E(r) is corvex. This
conclusiongreatly simpli es the derivation of other properties of E(r) on the way to our main result. In the
end, public randomization becomesunnecessarybut it provessimplifying in the courseof our derivation.
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Player i can guarartee himself his pure strategy minmax payo for any strategy of the

opponert. De ne by
vV  fv2Vjv, v fori=12g;

the subsetof V on which ead player receivesat least his minmax payo .

W7
2 1

E(r)

~N

Figure 4: SetsN ; E(r); V and V for the Noisy Partnership with r = 0:2:

Due to the possibility of public randomization the set E(r) of payo pairs achievable
by all PPE is convex. Indeed, if A and A are two PPE with expected values Wy(A) and
Wo(A); a PPE with value W o(A) + (1 )Wo(A) for some 2 (0;1) can be achieved by
selectingequilibrium A or A accordingto the realization of a discrete random variable at

time 0.14
As in repeatedgamesin discretetime, we have

N E(r) V V,

asillustrated in Figure 4.

14 Although we rely on public randomization and the convexity of E(r) during our analysis, we will learn
from our main result that public randomization is, in fact, not required to achieve any payo pair in E(r):
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5 Contin uation Values, Incentiv es and PPE.

In this section,we characterizepublic perfectequilibria in terms of the stochastic properties
of the cortinuation valuesWz!(A) and W2(A): Our analysisproceedsas follows. We start
with the de nition of a cortinuation value: it is the future expectedpayo of a playerfrom a
given pair of strategiesafter a given public history. As time passesand the history unfolds,
the cortinuation valueschange. Their motion is determinedby the public information: the
signals X; and public randomization. Proposition 1 represeis the relationship between
public information and the motion of cortinuation valuesformally, and shows that this
motion must satisfy a promise keeping condition. This condition relatesa player's current
cortinuation value, his current payo ow and the expected change of his cortinuation
value under an arbitrary pair of strategiesA:

Next, we explore conditions under which a pair of strategiesA is a PPE. We nd that
the players' incertivesare connectedwith the relationship betweenthe public signalsand
the motion of cortinuation values. A player may have incertiv esto take an action di erent
from a static best responsebecausga) actionsa ect public signals,and (b) public signals
a ect future cortinuation values. Proposition 2 provesthat a strategy of playeri is optimal
in responseto the strategy of his opponert at all times if and only if the instantaneous
incentive compmatibility condition always holds. The analogueof Proposition 2 in discrete
time is the one-shotdeviation principle. The resultsof Propositions1 and 2 aresummarized
in Theorem 1, which characterizesg(r) asthe largestboundedself-geneating set.

Recallthat the cortinuation value of player i; the expectedfuture payo from a strategy
pro le A after a given public history, is

Z 1
W/(A)=E; r e " Yg(Ag)dsjAg;s2 ;1) - (4)

t

W, (A) hasthe following represemation in terms of the public information in fF g:

Prop osition 1. (Represen tation and Promise Keeping). A stochastic processW,
is the cortinuation value W, (A) of player i under a strategy prole A if and only if there

exist processes ! = ( 1::: @) in L and a martingale ' orthogonalto X with | = 0;
such that for allt  O; W, satis es'®
Z t YA t
W =Wi+r (W g(Ag))ds+r  L(dXs (Agds)+ i (5)
0 0

R
151 is the spaceof all progressively measurableprocesses sud that E|[ OT 2dt]< 1 forall T< 1:
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When the Itration fF g is generatedby X; sothat there is no public randomization, then
a processW, is the cortinuation value of player i if and only if (5) holdswith ' = 0:

The represemation in Proposition 1 formalizeshow the processW, (A) is determined
by public information: signalsX and orthogonal information }; with | = 0 when there
is no public randomization. There is a simple logic behind the represemation (5), whose
shorthand form

dw/ = r(W; g (A))dt+r [ (dX, (A)dt)+d! (6)

can be interpreted as an instantaneousprojection of dW; onto a \constant" dt and dX;

(A,) dt: Clearly, the \residual" d | has to be orthogonal to the constart, and thus a
martingale. The residualis O whenfF g is generatedby X asthen 0 is the only martingale
orthogonal to X: Coecient | denotesthe exposure of player i's cortinuation value to
dX; (Ay) dt:

The term r(W, g(A,)) is the drift of cortinuation values W, (A) when the players
are actually following strategies A so that dX; = (A{) dt + dZ;: This drift condition
under the pair of strategiesA; which we can call the promise keepingcondition, is simply a
consequencef book-keeping. It hasan analoguein discretetime: If a payo vector W, is
decompsableby an action vector a and cortinuation promisesW.; (y;) for di erent public
signalsy; in period t; then

We= (1 )g(A)+ E[Wea (WiAd ) E[Wea (Y)jA] W = 1—(Wt g(Ar));

where is the discourt factor. Thus, the expected movemert of cortinuation valuesis
proportional to W;  g(Ay):

Proof. First, let us prove that W/ (A) has a represemation (5). In order to identify how
W/ (A) depends on the public nHormatlon fF 1g; supposethat the players are actually

following strategiesA: Then X, (As)dsis a Brownian motion and the process V, (A)g
de ned by
Z, Z,
V/(A)=r1 e "Sg(As)ds+ e "W/ (A)=E, r e "5g(Ag) dsj A (7)
0 0

is a martingale. By Proposition 3.4.14from Karatzas and Shrewe (from now on KS), we
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can chooseprocesses ' = ( '1::: @) in L sud that
Z t
VI(A)=T1 e ((dXs (A5 ds)+ V[, (8)
0
where VX is a martingale orthogonal to X:® If the ltration fF g is generatedby X;
then by the Martingale Represetation Theorem (whoseproof in KS, incidertally, relieson
Proposition 3.4.14),we get the represemation (8) with VX = Vi(A) forallt 0:
Putting together (7) and (8) and di erentiating with respect to t; we get

re "g(A) dt re "Wi(A)dt+ e "dWi(A)=re " {(dXe  (A)dh) +dY;

which implies (5) with | = Rgers dVj*: If the Itration fF ,gis generatedby X then ! =
forallt O: Note that W/ (A) is a boundedprocessbecausey is a boundedfunction.
Now, let us prove the corverse: if a bounded processW, satis es (5) (with ' = 0 or
not) then it must be W/ (A): The process
YA t
Vi =r e "Sg(As)ds+ e "W,
0
is a martingale under the strategiesA becausedV, = e "(r | (dX;  (A;)dt)+ d}) from
(5). Moreover, martingalesV, and V,'(A) corverge becauseboth e "W, and e ""W, (A)
corvergeto O: We concludethat forallt  0;

Vi= EdVi]= BV (A= V/(A) ) W = W(A):

O

It is important that even if playersare following an alternative strategy pro le A; the
processW, (A) is still well-de ned. As emphasizedoy the conditioning on fAg;s  tgin
the de nition (4), W, (A) canbe interpreted asthe valuethat playeri would get if the play
proceedsaccordingto the strategy pro le A after time t: BecauseA uniquely determines
the players' actions after all public histories, the value of W, (A) is completely determined
by the public history at time t independenly of the actual strategy pro le A that caused
this history to realize. We concludethat the represetation (5) for W, (A) is valid no matter

16Formally, Proposition 3.4.14from KS only says that the processes 't | arein L dthat VX is or-
thogonal to the underlying Brownian motion. However, trivially , E[ OT( N2dt] & TE][ OT e 2't( H2dt] <
1;so ! arealsoin L : Also, sinceV* is a martingale, it must be orthogonal to X also.
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what strategy prole A is being played, even though we derived (5) assumingthat A is
the actual pro le followed. Moreover, from our assumptions ' is still a martingale under
an alternative strategy pro le A: 17 Thesefacts are important for Proposition 2 that deals
with incertives?®

The process ' represets the extert, to which player i's value W, (A) is driven by the
public signal X : Therefore, ' is responsiblefor player i's incertives,as shovn below:

Prop osition 2. (Incen tiv e Compatibilit y). Strategy A' of player i is optimal in re-
sponseto strategy of Al at all times if and only if the incertive compatibility condition

gal2 Al; g(A)+ | (A) g@:AD)+ | (@%A]) 9)

holds for all t: Therefore, a pair of strategiesA is a PPE if and only if (9) holds for both
players.

Let us interpret the incertive compatibility condition. Supposethat player i is con-
templating a deviation to an alternative action a° at time t: This will changehis expected
instantaneouspayo ow by g (a% A{) g (Ay): At the sametime, this deviation changes
the drift of X, by (a5 A{) (A,): Since ! is the sensitivity of player i's cortinuation
value to dX;; this will changeplayer i's cortinuation value at rate | ( (a5 A{) (AY):
If the incertive compatibility condition holds, sud an instantaneousdeviation will a ect
player i's expectedpayo by

g@%Al) gAY+ {( @A)  (A) O (10)

Therefore, condition (9) statesthat an instantaneousdeviation is not pro table. Proposi-
tion 2 is analogousto the one-shotdeviation principle in discretetime.

In the proof of Proposition 2 we show that instantaneousincertive compatibility implies
full incertive compatibility. Instantaneouslossesrom deviationsintegrateto alossglobally.

7Because | is orthogonal to X ; it is alsoorthogonal to the relative density process = 1+ R(; s( (Rq)

(Ag))” (dXs (As) ds) of the probability measuresunder A and A (seefootnote 8).

8Note that W, (A); player i's continuation value when a strategy prole A is followed after time t; is
dierent from W, (A): The represetation of W, (A) involvesdi erent processes '(A) and '(A): To avoid
confusion, in the ertire paper ' and ' always denote the processeshat represers specically W, (A);
and not W, (AR); even when we discussa deviation to an alternativ e strategy in Proposition 2.
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Proof. Sincee "W, (A) corvergesto O ast! 1 ; it follows that
YA 1
Wo(A) + d(e "W(A)) = O;
0
where, by (6), d(e "W/ (A)) is expresseds a function of public information X and ' as

die "W/(A) =re "t g(A)dt+ | (dX; (A)d)+d! :

The expectedpayo to player i from deviating to a strategy A’ in responseto Al can be

expresseds Z,
Wi (A AN =E 1 g(A;ADdtj A Al =
0
Z, Z, _
E Wy(A)+ e "“( g(A)dt+ i{gdxt (At)dt)+di;+ r e "g(ALA)dtj AL AT =
° d(e "W (A)) °
WHA)+E r e™ g(AGAD) g(A)+ (( (ALAD)  (A)) dyjAl Al
0

Throughout the derivation we condition on the players' strategies(A'; Al ); which a ect the
probability measureover the paths of X : Under this measureX; hasdrift (A‘;A{) and |
is still a martingale.

If condition (9) holds for all t; then Wi(A'; Al)  W{(A) and player i doesnot have a
pro table deviation at time 0. By a similar argumert, player i will not have a pro table
deviation after any public history. Converselyif (9) fails, choosea strategy A’ sud that
Al maximizesg (a;; Al)+ | (a;Al) for all t: Then, Wi(A; Al) > W/(A) and Al is not an
optimal responseto the strategy Al :1° Ol

De nition. A 2 d matrix

n # n #
1 11::: 1d

2 21... 2

191n this casethe strategy Al is better than Al in responseto Al; but it doesnot haveto be optimal. The
reasonis that Al doesnot have to maximize g (ai; Al)+ "I (ai;Al); where "i'; the exposureof W (AT; Al')

to X; doesnot have to equal |:
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enforcesaction prole a2 A if fori = 1;2
gal2 Ay g@+ ' (@ g@ia)+ ' (ahy) (11)

An action pro le a2 A is enforceableif there exists somematrix B that enforcesit.

TogetherPropositions 1 and 2 provide two properties that the motion of cortinuation
valueshasto satisfyin any PPE: promisekeepingwhich determinesthe drift of cortinuation
values,and incentive compatibility which determinestheir volatilit y. Moreover, Propositions
1 and 2 alsoimply the converse:if the motion of a boundedstochastic processW assaiated
with strategiesA satis es promisekespingand incentive compatibility , then W = W (A) and
A must be a PPE. We summarizethis characterization of PPE in the following theorem:

Theorem 1. Characterization of PPE. In any PPE A, the pair of cortinuation values
W = W(A) is a processin V that satis es
z t z t

W= Wo+r . (Ws  0o(Ag)) ds+ 1 . Bs deS {Z(AS) dsg + (12)

dzs

where
(i) B is2 dmatrix processin L sud that B, enforcesA; for all t and
(i) is a 2-dimensionalmartingale orthogonalto X with o= (0;0):

If fF .g is generatedby X then = (0;0)> forallt 0:2°

Conversely if W is a bounded2-dimensionalprocessthat satis es equation (12) for A;
B and that satisfy properties (i) and (ii), then W is a pair of cortinuation valuesin public
perfect equilibrium A:

De nition. A setW <2 s self-geneating if and only if for any point Wy 2 W there
existsa processedV that starts at Wy, staysin W and satis es (12) for someprocesses\;
B and that satisfy conditions (i) and (ii) of Theorem1.

Corollary 1. E(r) is the largest boundedself-generatingset.

20The Martingale Represemation Theorem implies that if fF ;g is generatedby X then = (0;0)”;
t 0Ois the only martingale that satis es (ii).
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Corollary 1 is a cortinuous-time analogueof Theorems1 and 2 (self-generationand
factorization) from APS, which imply that the set of equilibrium payo vectorsis the
largest boundedself-generatingset. The boundednessassumptionin APS is related to the
boundednessassumptionin Corollary 1 and Proposition 1.

Corollary 1 formulates the problem of nding the set E(r) asa problem from optimal
stochastic cortrol. We will usethis result to characterizethe setE(r) and PPE that achieve
extreme points of the set E(r) in the next section.

6 PPE with Extreme Values: a Deriv ation.

In this Sectionwe usethe characterization of PPE from Corollary 1 to derive our main
result: an ordinary di erential equation, called the optimality equation, which describes
the boundary of E(r) and PPE that achieve extreme points of E(r): The boundary of E(r)
is denoted by @&(r): First, we informally describe our results. Then in subsection6.2 we
argue informally that the boundary of E(r) is characterized by the optimality equation,
a result proved formally in Proposition 5 in Appendix B. We also prove Proposition 3,
which constructs PPE with extremevaluesand shows that E(r) is the largestboundedset
whoseboundary satis es the optimality equation. Our main result, Theorem 2, follows
from Propositions 3 and 5.

6.1 Informal Discussion.

Let usreviewthe properties of PPE from the previoussection,and then introducethe main
results of this sectionabout the geometry of the set E(r) and PPE that achieve extreme
value pairs of E(r): Accordingto Corollary 1, E(r) is the largestsubsetof V sud that for
any Wy 2 E(r) there exist processegA; B; ) that satisfy conditions (i) and (ii) of Theorem
1, sothat the processf W,;g given by
Z, Z,
Wi=Wo+r (Ws 9g(As)) ds+r BsdZs+ (13)
0 0
remainsin E(r): We have the freedomto chooseactions A; volatilities B that enforcethose
actions, and public randomization : If the initial value pair Wy is inside the set E(r); this
freedom gives a lot of room for very many equilibria. Howewer, if the initial value pair
W, is an extreme point of the set E(r); the choiceof cortrols is seerely restricted because
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cortinuation valuescannot escag from the set E(r): In fact, we shaw that in a PPE that
achievesan extremevalue pair of the set E(r);

(a) future cortinuation valuesW; must be extreme points of E(r)

(b) there is no public randomization,i.e. =0

(c) the spanof B; is in the tangertial direction to the set E(r) at point W; at all times
(d) the choiceof A; and B; is genericallyunique at all times

(e) if there are static Nash equilibria with payo vectorson the boundary of E(r); the
players' actions are evertually absorbed into one of those Nash equilibria with prob-
ability 1.

We also show that the ertire boundary of @(r) outside N has a strictly positive and
cortinuous curvature and, therefore, consistsof extreme points.

The spirit of properties (a)-(e) is presen in the existing literature on repeated games.
Howewer, in discretetime theseproperties hold only under special cortinuity assumptions
or in appraximation. In relation to (a) and (b) in discrete time, one can always choose
extreme cortinuation valuesif there is public randomization. Without public randomiza-
tion, APS show that future cortinuation valuescan be chosento be extreme points of the
equilibrium value set if the distribution of signalsis non-atomic. Moreover, under cer-
tain analyticity conditions, future cortinuation valueshave to be extreme. The property
(c) that B; must have a tangertial spanis related to FLM's conceptof enforceability of
action pairs on tangent hyperplanesthat is usedto prove the Folk Theorem. Fuderberg
and Levine (1994) shaw that the Folk Theoremfails when equilibrium action pairs cannot
be enforcedon tangert hyperplanes?! Also, the Folk Theoremtypically fails in strongly
symmetric equilibria that do not usetangernt hyperplanes(seeProposition 8.2.1in Mailath
and Sanuelson (2006) for the proof of this fact, and Green and Porter (1984) and APS
(1986) for analysesof strongly symmetric equilibria).?? Point (d) holds only under very
strict continuity assumptions(e.g. the analyticity assumptionsof APS that guarartee that

2lsannikov and Skrzypacz (2006) show that in the limit as the players act more and more frequertly,
Brownian signals cannot provide incentivesin any other way than by tangential transfers of continuation
values.

22The obsenation after the proof of Lemma 6 in Appendix B implies that E(r) = N if the set E(r) has
empty interior. It follows that there are no nontrivial strongly symmetric equilibria in corntin uous-time
gameswith Brownian signals. Sannikov and Skrzypacz (2005) show that this is alsotrue in discrete-time
gameswith frequert actions.
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cortinuation values must be extreme points). For point (e) if there is a unique way to
support any extremevalue pair, extreme Nash equilibrium payo pairs would absorbequi-
librium play if cortinuation valuesget there. Howewer, in discretetime it may be possible
for cortinuation valuesto never reac suc an absorbingstate.?

Even though the spirit of properties (a)-(e) is presen in discrete-time games,it is
dicult to formalizethem. Howewer, they comeout cleanlyin our setting.

Besidesproving (a)-(e) we also show that @E(r)nN is characterizedby the optimality
equation. This ordinary di erential equation connectsthe curvature of the boundary with
the equilibrium actions and the stochastic motion of cortinuation values,and can be used
for computation.?* To understand this equation, we must rst provide an analogue of
FLM's conceptof enforceability on tangert hyperplanesin our setting:

De nition. A vector of tangertial volatilites 2 <9 enforcesa 2 A on tangert
T = (ty;t2) if the matrix " #
1 1100t
B = T> — 11 1d
b 1000t ¢
enforcesa: Of all vectors that enforcea on tangert T; let (a;T) be the one of the
smallestlength.

The main result of this sectionis that E(r) is the largestboundedsetwith the curvature
of the boundary outside N given by the optimality equation
2N (w)(g(@) w),

W) = max 1 @TwW)E (14)

where T (w) and N(w) are unit tangert and outward normal vectorsto @&(r) at w 2
@E(r)nN andj j is the length of the vector : In the maximization problemin (14) some
action pro les a may not be enforceableon T ; we substitute j (a;T)j= 1 for thosea:

Remark. Lemma 2 in Appendix A, analogousto Lemma 5.5 in FLM, shows that
under pairwise identi abilit y any enforceableaction pro le a is enforceableon all regular
tangert vectorsT = (ty;t5); sud that t1;t, 6 0: An enforceablepro le a is enforceableon
a coordinate vector T with t; = 0 if and only if a involvesa best responseof player i:

23seeHauserand Hopenhayn (2004) for a cortin uous-time examplewith Poissonsignal arrival, in which
continuation values never reach static Nash equilibria. This phenomenoncan occur in discrete time, but
not in our gameswith Brownian signals.

24The characterization in terms of an ordinary di erential equation, as well as property (e), rely upon
the restriction to two players.
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6.2 Deriv ation.

In this subsectionwe justify our characterization. We start with a heuristic argumert
that the boundary of E(r) satis es the optimality equation, a result proved formally in
Proposition 5 in Appendix B. We proceedin four steps. First, we argue that when a
current pair of cortinuation valuesis extreme, then public randomization cannot be used
and the volatilities of cortinuation values must be tangertial to the boundary of E(r):
Secondwe take a detour to explorethe geometricpropertiesof a two-dimensionaldi usion,
whosevolatilit y is focusedalongoneline, and idertify a 'natural curvature' of this process.
Third, we argue the curvature of the boundary of E(r) at any extreme point outside N
must satisfy equation (14). Fourth, we shav that any point w 2 N on the boundary of
E(r) must be extreme.

After that we presert Proposition 3, which implies that E(r) is the largest bounded
setwhoseboundary satis es equation (14) outside N and constructs PPE that achieve its
extremevalues?® At the endwe commert on uniquenessand absorptionin Nashequilibria.

Let us go through the details of our argumen. Recall that the equilibrium motion of
continuation valuesis descriked by

th = I’(Wt g(At)) dt + I’Bt dZt + d ts (15)

whereB; enforcesA; and is a martingale orthogonalto Z:

Public randomization and tangential volatilit y. Supposethat W; is an extreme
point of the set E(r): We canimmediately make two obsenations about the motion of W:
First, asin discretetime, public randomization should not be usedat a time when W;
is an extreme payo pair of E(r); sod{ = 0: Second,matrix By must have spanin the
tangertial direction to the set E(r) at point W;: Indeed, a normal componert of volatilit y
would instantaneouslythrow future cortinuation valuesoutside the set E(r) with positive
probability. Sincethe matrix B; hasa tangertial span,we canrepresenit asB; = T~
for some 2 <9; whereT is a unit tangert vector at point W;:

Curv ed tra jectories of contin uation values. It turns out that when the span of
B 6 Oisfocusedalongoneline, the trajectoriesof cortinuation valuesbecomelocally bent
with a curvature that dependson the drift of W;: This property connectsthe geometry of
the set E(r) and the stochastic motion of cortinuation values. To formalize the fact that

25Proposition 3 is also usedin the proof of Lemma 8 in Appendix B.
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the trajectoriesof cortin uation valueshave a natural curvature, considera di usion process
th = r(Wt g(At)) dt+rT~ t dZt (16)

with W, on a corvex curve C at time t; whereT is a unit tangert vectorto C at point W;:

Let N be an outward unit normal vector to C at W;; such that the tanger line separates
the direction of N from the rest of the curve C. Let (x;f (X)) be a parameterizationof C

in tangertial and normal coordinates and let

Dt+ = NWH. f(TWH. ):

be a measureof the distancefrom W, to the curve C. Then in the next paragraphusing
Ito's lemmawe will shav that D hasvolatility zeroand drift

rN(W:  g(Ay)) + Erzj i (17)

at time t; where is the curvature of C at W;:?® Note that = f%TW,) because
f {TW,) = 0: Then, speakingloosely the natural curvature of the trajectoriesof W; coin-
cideswith the curvature of Cif and only if the drift of D is O at time t; i.e.

_ 2N(g(A) W),
rj '

Now, let us demonstratethat (17) givesthe drift of D: By projecting equation (16)
onto the tangernt axis we get

d(T Wt) =r T(Wt g(At)) dt+r t dZt: (18)

Using Ito's Lemma,
d(TW,) = [Hz\’&? d(TW,) + [ E;Zv&? ydt: (19)
0

By projecting (16) onto the normal axis we get

d(NW;) = r N(W; g(Ay)) dt: (20)

26Curvature is the rate at which the tangertial angle changeswith arc length.
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\tra jectories" of
cortinuation values

Figure 5: The de nition of Dy, :

Combining (19) and (20) we get the desiredresult

r3j 4j2

dDy = d(NW;  f(TWy) = rN(W: g(A)) + 5

dt:

Optimalit y equation and extreme points of E(r): Let usarguethat the curvature
(W,) of the set E(r) is given by equation (14) when W; Z N is an extreme point of E(r):
We do it in two steps.
First, let us show that

(W)

ZN(Q(At)'Z Wt); 1)
r 4
whereT”> | = B: Note that A, 2 AN ) + 6 0; becausethe drift of cortinuation values
at time t cannot be directed outside E(r) as shawn in the left panel of Figure 6. If (21)
failed, the trajectories of cortinuation values, represeted by a dashedcurve in the right
panel of Figure 6, would have a smaller curvature than the curvature of E(r) at W;: Then
continuation valueswould instantaneouslyescag from E(r); which leadsto a cortradiction.
Second,let us show that for any w 2 @(r)nN and a2 AN

2N(g(a) w),

N RCA

(22)
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9(A) 9A)

Wi

E(r)

Figure 6: Demonstrating that (21) holds.

whereT andN areunit tangert and normal vectorsat w: If (22) failed then the cortin uation
values assaiated with the action pro le a enforcedby (a;T) ontangert T would have
trajectories with a curvature greater than (w): Intuitiv ely this meansthat w can be
generatedusing cortin uation valuesstrictly insidethe setE(r); asshown in Figure 7. Then
by moving cortinuation valuesin the direction of N ; we would be able to generatea value
pair w+ N~ outsidethe set E(r) with the action pro le a and cortinuation valuesin the
setE(r): This leadsto a cortradiction.

Thesetwo stepsimply that = (a;T); otherwise A; together with vector (A;T)
would fail (22). Therefore, in (22) equality must be adiieved by a = A¢; and so the
curvature of E(r) must satisfy equation (14) at all extreme points w 2 N :

All points of E(r)nN are extreme. SeeCorollary 2 of Proposition 5. Note that
(22) holds for all points of @E(r)nN; not just extreme points. Intuitiv ely, if there was a
nonextremepoint w 2 @(r)nN then by (22) there would be no action pro le enforceable
on T(w) sud that N(w)(g(a) w) > 0: Then in any PPE that achievesw; cortinuation
valueswould haveto stay onthe tangert line and esca from E(r) dueto positive volatilit y.

E(r) is the largest bounded set that satises (14) outside N: The following
proposition, which is alsousedin the formal argumen in the Appendix, implies that any
bounded set with a boundary that satis es the optimality equation outside N must be a
subsetE(r):

Prop osition 3. Supposethat the curve C satis es equation (14). Furthermore, suppose
that either Cis a closedcurve, or has endpoints achievable by somePPE. Then C  E(r):

Proof. By Theorem 1, to achieve Wy 2 Cin a PPE it is su cient to construct a bounded
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Figure 7: Demonstrating that (22) holds.

processW, that satis es
YA t YA t
W= Wo+r  (Ws 0(Ag)) ds+r B dZg; B: enforcesA; (23)
0 0
for all t:
Denoteby a: C! AnAN the maximizerin (14). Let us parameterizethe curve C by
arc length I: Let I, be a weak solution of equation

dl = r(Wy  g(Ay) dt+ 1 (A T (W) dZy;

starting from an initial value that correspndsto the point Wy; until a stopping time
whenl; hits an endpoint of C; whereW, is the point on Cthat correspndsto I;; A; = a(W,)
and T (W,) is the unit tangent vector to the curve C at point W;:

Then W, hastangertial drift rT(W)(W; g(A;)) andvolatility rT(W;)> (A¢; T(W)):
Sincethe function f (x) that represers the curve Cin tangertial and normal coordinatesat
W, satises f{TW,) = Oand f ¥TW,) =  (W,); by Ito's lemmathe normal componert
of the drift of W, is

3 (AT (Wy)j?
2

O rT(W)(We  g(A)) (W) = IN(W)(We  g(Ad)
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for any t : Therefore,the processW satis es (23) until time

Let us extend processW beyond time by letting it follow the path of a PPE that
achievesvalueW : Then W becomesa boundedrandom procesghat satis esthe conditions
of Theorem1 until time 1 : Therefore,we have constructeda PPE that achievesWy: [

a&})
g(an) T(w)

T(w w
E(r) = N

oal) 9(an)

Figure 8: Extreme and non-extremepoints of @&(r):

Commen ts on unigueness and absorption in a Nash equilibrium. The optimal-
ity equation (14) assignsa generically unique action pro le to ead point w 2 @&(r)nN;
which must be enforcedby the vector of tangertial volatilities (a;T (w)): Theseaction
pro les and volatilities uniquely pin down equilibrium dynamicsin a PPE that adieves
a point in @(r)nN: Sincethe volatilities are boundedaway from 0, cortinuation payo s
must evertually hit the set N at an extreme point and becomeabsorked there wheneer
N\ @(r) 6 ;:

The boundary of E(r) may include non-extremepoints only if they arein N : Figure 8
illustrates two sud possibilities. In the left panel the boundary of E(r) in the left panel
cortains a line segmeh of non-extremepoints, whoseendpoints g(ay ) and g(a ) are Nash
equilibrium payo pairs. In the right panel,the setE(r) = N hasempty interior. For any
non-extremepoint w 2 @&(r); thereis no action prole a2 A enforceableon tangert T (w)
with N(w)(g(a) w) > 0; and soequation (14) would not yield a positive curvature at w:
There are many PPE that achieve any sud point w; and in thesePPE playersdo not need
to becomeabsorbed in a static Nash equilibrium. For either panel of Figure 8 players can
achieve w by alternating betweenay and a3 :

This completesthe derivation of our main result, which is summarizedit the next
section. The next section also provides an intuitiv e discussionof the set E(r) and PPE
that achieve extremepayo pairs.
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7 The Main Section: Summary and Discussion.

The following theorem characterizesthe set E(r) and the public perfect equilibria (PPE)
that achieve extremevalue pairs of E(r):

Theorem 2. Characterization. E(r) is the largestclosedsubsetof V with curvature

_ 2N(w)(g(a) w),
W)= M 1] @T W)z (24)

at all points w 2 N on the boundary of E(r); whereT (w) and N (w) are unit tangernt and
outward normal vectorsat w: We call (24) the optimality equation.?’

PPE with extreme values. Denoteby a: @nN ! AnAN the maximizing action pairs
in equation (24), where @(r) denotesthe boundary of E(r): Any value pair Wy 2 @E(r)nN
is achieved by a PPE with the following characteristics. The pair of cortinuation values
under this PPE satis es the SDE
Z, Z,
W, = Wy + . [(&{ng ds+ . [T(WS)> &AS;T(WS)% (dXs Asds) (25)

drift Bs; volatilit y

until time  when W, hits the setN: Fort < ; the playerstake action pairs A; = a(W,):
After time ; the playersfollow a static Nashequilibrium with valueW : When @(r)\ N =
;; then = 1 : Otherwise, players becomeabsorked in a static Nash equilibrium with
probability 1 in nite time.?®

In the remainder of this section we discussthe implications of this result on various
guestionsof interest: the equilibrium dynamics, the nature of ine ciency, the choice of
equilibrium actions and the provision of incertives.

27In our model, we normalized ead componert of the signal X to be independert of the others and have
volatilit y 1. Alternativ ely, if the players obsened signals

dX; = (AL AY) dt+  dzy;
wherethe volatilit y matrix ~ hasfull rank, then after appropriate rescalingthe optimalit y equation would

be
2N (w)(g(a) w),
azanaN I (a;T(w) j2°

(w) =

where (a;T) is de ned the sameway as before.
28There is a great multiplicit y of equilibria that achieve non-extreme values. In those equilibria players
do not needto becomeabsorbed in a static Nash equilibrium.
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Let us descrike dynamicsin a PPE that achievesa value pair Wy 2 @E(r)nN : As soon
asthe gamebegins,the players' cortinuation valuesW; start moving alongthe boundary of
the set E(r):?° This motion is a di usion processde ned by equation (25). Point W; plays
the role of a single state variable in this equilibrium. As a state variable, W, determines
the actions which the players take in a given instant, and the law by which W, itself
ewlvesbasedon the obsenations of signal X : If there are Nash equilibrium payo pairson
the boundary of E(r); then a pair of cortinuation valuesmust evertually hit one of them
with probability 1. When that happens, the players becomeabsorted in a static Nash
equilibrium forever. Of course,if all static Nash equilibrium payo pairs are inside the
set E(r); then players never becomeabsorked in a Nash equilibrium, and the motion of
cortinuation valuesnever stops.

At timest < beforethe playersbecomeabsorbedin a static Nashequilibrium (if ever),
they chooseaction pairs A; and receive payo owsg(A;) 2 E(r): The pair of cortinuation
valuesW; hasdrift directed away from point g(A;) inside the setE(r): This drift accouns
for promisekeeping: the current cortinuation value W, is always a weighted averageof the
current payo ow g(A;) and the expectedcortinuation value a momert later E{[W,. ]; as
shown in Figure 9.

Figure 9: The drift and volatility of cortinuation values.

It may seemsurprising that the drift of cortinuation valuesis directed inside E(r) even
though cortinuation values stay on the boundary. We can reconcilethese two facts as
follows: becausecortin uation valuesdi use alongthe boundary due to tangertial volatilit y
and becausethe boundary has curvature, the expectation of future cortinuation values
must be inside the set E(r):

2Typically, asin all our examples,the pair of cortinuation valueswill di use alongthe ertire boundary
of E(r); not just its Pareto e cien t portion.
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The equilibrium actionspairs A; comefrom the optimality equation(24). The objective
of this equation is to descrile the largest set of payo pairs adhievable in equilibrium.
The choice among action pairs involves a trade-o betweenthe extremity of payos and
the incertivesrequired to enforcethem. The extremity of a payo pair is measuredby
the payo gain in the direction of the normal vector (seethe numerator of (24)). The
incertives are measuredby the instantaneoustangertial variance of cortinuation values
(seethe denominatorof (24)). An optimal action pair achievesthe maximum in (24). This
action pair can be enforcedby using corntinuation valueson the boundary of E(r): If we
tried to enforcea suboptimal action pair, the required drift and tangertial volatility of W;
would take future cortinuation valuesoutside E(r):

Let us discussthe provision of incerntives. Before time ; actions A; are not static
Nash equilibria, so players must have incertivesto take actions that are not static best
responses. These incertives arise becauseactions a ect the drift of the public signals,
which in turn aect cortinuation values. The volatility matrix in equation (25) is the
sensitivity of cortinuation valuesto the signal X: From Section5 we know that player i
has incertives not to deviate from action pair A; if his action maximizesthe sum of his
instantaneouspayo and the expected changeof his cortinuation value, i.e.

G(A)+ { (A) = maxg(aiAl) + | (aiAD); (26)

where ! is row i of the volatility matrix at time t: In an equilibrium that acieves an
extremepayo pair, the volatilit y matrix must be of the form T (w)” ; to have a tangertial
span. Generally there could be many ways to enforceA; on a tangert line, but only the
smallesttangertial variancemust be usedin an equilibrium, for which Wy is extreme. Our
assumptionsdo not guarartee that all action pairs can be enforcedon all tangert lines so
the Folk Theorem may fail. To guarartee enforceability of all action pro les, one would
needto assumealsoindividual full rank, or make an appropriate concavity assumption,as
we elaborate for gameswith a special signal structure in the next section.

7.1 Incentiv esin Games with Special Signal Structure.

The partnership example from Section 2 and the duopoly example from the Section 8
have a special signal structure, under which the provision of incertivesis especially clear.
For that classof gamesA;; A,  <; the public signal is two-dimensionaland has drift

(a1; @) = (a1; @) : Therefore,there is a separatesignalthat is indicative of ead player's
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actions.
For this classof gamesthe volatility matrix is2 2 and condition (11) reducesto

G(A)+ [Ar= maxg(a;A)+ {a; 27

where [ for i = 1;2 are the diagonal ertries of the volatility matrix B;: When W, 2
@E(r)nN; the tangertial volatility condition pins down uniquely the o -diagonal ertries
of the 2 2 matrix B, given the diagonalertries |': To enforcean action prole A; on a

tangert with minimal volatilit y, we must choose ' of the smallestabsolutevalue for (27)
to hold.

De nition of : Considerall valuesof " for which a; maximizesg (a;a)+ "a given
;. Of thesevalues,de ne i(a; ;) to be the smallestin terms of absolutevalue.

g(;a)

|'| R N W

o
=
N -
w

Figure 10: How to nd

The valuesof ;(a) are de ned for all action pairs a if and only if g, is concave in &:
Figure 10 illustrates the computation of ;(a) for this case.If we x a andplot g(;&);
then (a;a) equalsthe slope of function gi( ;& ); between point & and the nearest
pro table deviation.

The matrix that enforcesan action pro le A; tangertially with minimal volatility has
the form " #

(A) 2(A)E
(AYE2 (A

We can make two useful obsenations about incertive provision for the gameswith
special signal structure and in general.
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1. Generally becausethe local motion of cortinuation valuesis restricted to a tangert
line, the necessk to provide incertivesto one player a ects the cortinuation value
of another player. With special signal structure, player j's cortinuation value has
sensitivity (At =t; to the signal X;; which re ects player i's action exclusiely.

2. In agamewith special signal structure the incertivesprovided to di erent playersdo
not interfere; there is a separatesignal and a separatecolumn of the matrix B; that
is responsible for the actions of ead player. In generalthis is not true becausethe
samesignal can be a ected by both players.

Let us commen on the enforceability of action pairs on tangert lines and the Folk
Theoremin this classof games.If g; is concavein a;; then ;(a) iswell de ned for alla2 A
and i = 1;2; sothat all action pro les are enforceable. Then all action pro les can be
enforcedon all regular tangert lines by Lemma 2, and action pro les with a bestresponse
property for playeri canbe enforcedon coordinate lineswith t; = 0:3° From the optimality
equation we can seeimmediately that the Folk Theoremholds under theseconditions. As
r decreaseso 0, the numerator 2N (g(a) w) in the optimality equation alsodecreaseso
0, making the set E(r) expandtowardsthe boundariesof V : Conversely if the function g
is not concave in g fori = 1or 2; then ;(a) is sometimesunde ned and the Folk Theorem
may fail, i.e. the closureof lim,, o E(r) may be smallerthan V :

8 Computation.

In this sectionwe discussthe computation of the set E(r); and presen the outcomesof
computation for the partnership example of Section 2 and a new example of a duopoly
with di erentiated products.
To write the optimality equation in a form suitable for computation, recall that cur-
vature is the rate at which the tangertial angle changeswith arc length. Therefore,
() = d =dl; where s the tangertial angle(sothat T( ) = ( sin ;cos ) and N( ) =
(cos ;sin )) andl is arclength. As the tangertial angle changesthe correspnding point
w( ) movesalongthe curvein the tangertial direction T( ) with speeddl=d = 1= ( ); so

aw() _ T().
d ()

30Note that the o -diagonal ertries of By blow up whent; = 0O and ;(a) 6 O:

(28)

32



Equation (28) is easyto solve numerically starting from any initial conditions ( ;w) 2
[0;2 ) V ;treating the coordinatesof w( ) asfunctions of ; and using

_ 2N()(g(@ w()),
)= X i @t (29)

Generally j (a;T)j2 canbe found by solving a quadratic program
j (a;(t1t2))j* = minj j?

st:  8i=128a2A" g@+t (@ g@@a)+t (@a):
For our examplesand other gameswith a special structure,

1(3-)2+ 2(a)?.
tf 5

i (@(tt)j? =

We presert computational examplesin an increasingorder of di cult .

8.1 Partnership.

From symmetry considerations,the boundary of the set E(r) must cortain a point on the
45-degreeline with an outward unit normal N = (cog45 );sin(45)): Also, point (0;0)
will be on the boundary aswell. For all points w on the line segmeh betweenthe origin
and point (1;1); considerthe curve C(w) that solvesthe optimality equation from initial
conditions (w; N): To compute the set E(r); we seart along the 45-degredline and nd
point w; removed furthest from the origin, sud that the curve C(w) readesthe origin.
First, we do a grid seard to identify an interval wherethe desiredpoint w is located. After
that, we do a binary seard within the interval to computew exactly. Figure 11 illustrates
the computational procedurefor r = 0:2:

From the grid seart on Figure 11a,we know that there aretwo symmetric closedcurves
which satisfy the optimality equation everywhereexceptin the origin: onein the interval
(0:2;0:3); and onein the interval (0:8;0:9): We are interestedin the latter curve, because
it is larger. That curve can be found by meansof a binary seart in the interval (0:8; 0:9):

The computed boundary of E(r); along with recommendedaction pairs at every point,
is shawvn in Figure 11b.

There is another easymethod to compute the set E(r) in this example,using the fact
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Figure 11: Computation of E(r) in Noisy Partnership.

that N must be on the boundary of E(r): This method involvesa one-dimensionalkeard
over the slopes of the boundary of E(r) at point N: In the next subsectionwe seehow
computation can be performedon an asymmetricexample,in which N is in the interior of
the setV :

8.2 Duop oly with Dieren tiated Pro ducts.

Considerthe following example. There aretwo rms, whoseproducts are imperfect substi-
tutes. The private actionsof rm i aresupply ratesfromthe setA' = f0;1;2;3;4;5;6;7;8;9; 10:
The instantaneouspricesof rms 1 and 2 are given by the incremerts of the processes

dPl= (25 2A! A dt+noise and dPZ= (30 2A2 2Al)dt+ noise

Pricesare publicly obsenable, and the noisestructure is such that rms canisolatea signal
about eadh rm's quartity from the prices

dXl=1dPZ dP!+ 10dt= Aldt+ dz}
dX2=dP! dPZ+ 5dt= A2dt+ dz?
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whereZ?! and Z? are independen standard Brownian motions. The payo s of rms 1 and
2 are given by Z, Z,

r e "AldP! and r e ""AZdPZ:
0 0

The payo functions canbeidentied as

di(a;a) = a1(25 2a; @) and g(asap) = a(30 2a, 2ay):

This stagegamehas a unique Nash equilibrium (5;5); but ideally rms could collude by
producing (4; 4):

Figure 12: Computation: an asymmetricgame.

For this game the computational procedureis illustrated in Figure 12 We start at
an arbitrary point w! on the boundary of the set V ; and compute the solutions of the
optimality equationfrom initial conditions (w?'; ) for : Weraise cortinuously, until
the correspnding solution Ct (for someangle Al) hits point w! after making a loop, as
showvn in Figure 12a: We claim that the resulting solution must enclosethe set E(r): If
not, aswevary cortinuously between to "*; somesolution would have to be tangert to
E(r): Howewer, this is impossible,becausethen the solution would have to coincide with
the boundary of E(r) (from the uniquenessof solutions given the initial conditions at the
point of tangency).

Next, take point w? on the curve C' with an outward unit normal (1;0): Again, we
compute the solutions of the optimality equation from initial conditions (w?; ) for 0:
We raise cortinuously, until the correspnding solution C? (for someangle "2) hits point
w? after making a loop, as shown in Figure 12b: Then the curve C? must enclosethe set
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Figure 13: SetE(r) in Duopoly.

E(r) inside. By cortinuing this procedureiterativ ely, we will corvergeto the set E(r):
Figure 13illustrates the outcomeof computation for discourt rate r = 1:5: The bound-
ary of E(r) is divided into many segmets on which players keeptheir actions constart.
Figure 13 illustrates the general pattern of actions, as well as an interpretation of eath
portion on the boundary of the set E(r):3! For comparison,recall that a static Nash equi-
librium is (5;5): Along the Pareto frontier of E(r); players collude by producing lessthan
their static best responses. We call this regime \mark et sharing."” In this regime, when
a player's continuation value increaseshis market share also increases. Therefore, play-
ers are rewarded for underproducing by an increasedfuture market share. On top of the
set E(r); player 2 receivesthe maximal payo that he possibly could in a PPE. At that
point, player 1 producesvery little, while player 2 producescloseto his monopoly quartit y.
While player 2 choosesa static best response, player 1 needsstrong incertivesto \stay

311 am thankful to William Fuchs for helping me nd theseinterpretations.
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out." To reward player 1 for \staying out,” player 2 accommalates, and to punish player
1 for cheating, player 2 ghts. We call this regime\entrant and incumbert." On the left
side of E(r) player 1 is acting passiwely by producing a static best response,while player
2 is overproducing aggressiely. At this point, player 2 is rewarded for overproducing by
being able to drive player 1 out of the market. We call this regime \contestability." At
the bottom left portion of E(r); playersare ghting a\price war" by overproducing. They
have incertivesto do so becausethe player that looks more aggressie will comeout asa
winner of the price war. The winner gets his reward by becominga monopolist for some
period of time.

9 Conclusion.

This paper introducesa new classof gamesin cortinuoustime, in which the players' obser-
vations of ead other's actions are distorted by Brownian motion. In thesegames,the set
of value pairs which are achievable in public perfectequilibria hasa cleancharacterization.
The form of public perfect equilibria that achieve valueson the boundary of the set E(r)
and the way by which the players organizethe provision of incertives are intuitive. We
sav examplesof various economicinteractions that can be modeled as cortinuous-time
games. Besidesour examplesof a partnership and a duopoly, our model can be applied
to principal-agernt problems, risk-sharing models, etc. One is hopeful that the simplicity
of characterizationsin cortinuous-time modelswill allow deeper analysisof applicationsto
various dynamic incertiv e problemswith imperfect information.

Let usdiscussseeral questionsfor developmert of future theory. First, it is necessaryo
illustrate the connectionbetweendiscrete-timerepeatedgamesand cortin uous-timegames
and to understandhow cortin uous-timegamescan be usedto approximate repeatedgames
in discretetime. Second,it is bene cial to extend the cortinuous-time approad to games
with private information. DeMarzo and Sannikov (2004) shov how to attack the issue
of private information in a setting with one-sidedimperfect information. Third, one has
to extend the cortinuous-time approad to settings where more than one state variable is
required. Finally, it would be interestingto exploreother computational proceduresto nd
the set E(r):
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Figure 14: The roadmap of the Appendix.
App endix A: The Optimalit y Equation.

Appendix A exploresthe enforceability of action pairs ontangert linesand the regularity
properties of the optimality equation. Our rst lemmaformalizesthe notion that pairwise
identi abilit y allows the provision of incertivesto one player without interfering with the
incertivesof the other player. Recallthat thed (jA'j 1) matrix M;(a) is composedof
columns (a%a) (a); a6 a: Similarly denoteby G;(a) the row vector with jA'j 1
componerts g (a%a;) ¢(a); a6 a: Then a matrix B enforcesan action pro le a if and
only if

Gi(a) 'Mi(a) fori=1;2
where ' is the i-th row of B: Also, a vector enforcesan action pro le a on tangert T if

and only if
Gi(a) t Mi(a fori=12

Lemma 1. For each action prole a 2 A andi = 1;2 there existsa d d idempotent
matrix Q;(a) suchthat Q;(a)M;(a) = M;(a) and Q;(a)M;(a) = O:
Proof. For i = 1;2 let us construct a matrix M Ya) whose columns form the basis of

the column spaceof M;(a): Pairwise identi abilit y of a implies that there is no linear
dependenceamongthe columnsof [M %(a@); M )(a)]: Let us choosea matrix L(a) that makes

[M1(a); M3(a); L ()]

into ad d invertible matrix. Then an idempotent matrix that satis es the required
properties can be de ned by

1

Qi(a) = [MY@);0,0] Ma);MXa);L(a) ~ ., Qi(a MYa);MXa);L(a) = [Ma);0;0]:
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The matrix Q;(a) isolatesthe incertiv esof playeri from a givenvector ;since Q;(a)M;(a) =
Mi(a) and Qi(a)M;(a) = 0: The following bound will be useful:

Q= max | Qi(a)j:
ai;j j=1

We can useQ;(a) to prove an analogueof Lemma5.5 from FLM.
Lemma 2. Any enforceableaction pro le is enforceableon all T = (t3;t,) with t;; t, 6 O:

Proof. If a matrix B with rows ! and 2 enforcesan action prole a;then Q(a)=t; +
2Q,(a)=t, enforcesa on the tangert T = (t;;t,): Indeed,

'Qi(@)=ti+ *Qxa)=t, [tiM1(a);taMo(a)] =  'M1(a); *My(a)  [Gi(a); Ga(a)]
O

Next, our taskis to show that the right-hand sideof the optimality equationis Lipschitz-
cortinuousin w and T : This property guararteesthe existenceof solutionsto the optimality
equationfrom any initial conditions, and helpsus characterizethe set E(r): The following
lemmaprovidesa bound for (a;T):

Lemma 3. Let ;(a) be the vector of minimal length suchthat G;(a) i(@Mi(a): Then
I @T)j J (@)=t (30)
Moreover, if a hasa bestreswnseproperty for playerj and jt;j is su ciently smal then

&T)= i(a)=t: (31)

Proof. Recallthat (a;T) isde ned asthe shortestvectorsudithat Gi(a) ti (a;T)M;(a)
for i = 1;2: Thus, (30) follows because ;(a)=t; is the shortest vector of sud that only
Gi(@ ti( i(2=t)M;(a) holds.

Supposealso that a has a best response property for player j and jt;j is su cien tly
small. If we show that Gj(a) tj( i(a)=t)M;(a) holds, we can conclude(31).

We must rely on Assumption 2 from Section3. When part (i) of Assumption 2 holds,
i.e. @ Iis a unique best respnseto a;; then Gj(a) < 0 and Gj(a) < tj( i(a)=t)M;(a)
whenjt;j is su cien tly small. Supposepart (ii) of Assumption 2 holds, i.e. the gamehasa

product structure. Because (@) is the shortestvector that satis es G;(a) i(@M(a);
i(a) is in the column spaceof M;(a); which is orthogonal to the column spaceof M (a)
due to the product structure. Again, we have G;(a) t;( i(a)=t)M;(a) = O: O
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Lemma 3 implies a useful lower bound (34) for (a;T): Let 2 (0;1) be a constart
sudh that (31) holds wheneer a has a best responseproperty for player j and jtjj <
Denote

= minj i(a);

where the minimization is over i = 1;2 and all action pro les a without best response
property for playeri: If a2 AN hasa bestresponseproperty for playeri but jt;j >  then
(30) implies that

J@ET)) j @@= St (32)
If a doesnot have a best responseproperty for player i; then

J@T) ji@=tj> Ftj: (33)
We concludethat for all a 2 AN

J@T) Tt (34)

unlessjtjj <  and a involvesa best responseof player i:
The following lemmais a key ingrediert in the proof of Proposition 4, which dealswith
the regularity properties of the optimality equation.

Lemma 4. DenoteT( )= ( sin ;cos ) andN( ) = (cos ;sin ): Thenfor all a2 AN;

L 2N( )@ W)
HaW: ) = =TT OP

is Lipschitz-continuousin w and whenN( )(g(a) w) 0; whewre we interpret Ha(w; )
to be 0 whena is not enforceableon T ( ):

(35)

Proof. First, Ha(w; ) is Lipschitz-continuousin w sincej (a;T ( ))j is boundedaway from
0 (by Lemma3) for all a 2 AN:

To prove Lipschitz-continuity in ; rst considerthe casewhen for somei = 1;2 we
have|jti( )j < andainvolvesa bestresponseof playeri: Then (31) implies that

_ 25()2N()(g@ w).
io@2

Ha(w; )

which is cortinuously di erentiable (and thus Lipschitz-continuous) in

Otherwise, the bound (34) holdsfori = 1;2: Let "= (a;T( ))Qi(a): Then
— (a ti( ) 1, () 2
(9= @&T()+ 000 1+ (0 1
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enforcesaontangent T( 9;s0j (9 j (a;T( 9)j: AslongasN( 9(g(a) w) O

2N( Yg(@ w)
rj (957

with equality when = @ For %near we have

F(9= Ha(w; 9

dF(9 _ 2TCe@ w)  ANCH9E W) m(Iu() o, n(O() >~ g

d®° rji (952 rji (9 ti( 92 ta2( 92
1 1 . N .
vi e taee QO (N v ag
r_2+ 4Vj 2+4jer—2—K,

ottt B OF
wherewe usedj ( 9j®> j (a;T( 9)j? and (34). It follows that

Ha(w; ) Haw; ) F() F(9 | 9K;
SOH, is Lipschitz-continuousin : O
The consequencef Lipschitz cortinuity is summarizedin the following proposition.

Prop osition 4. Considerthe following version of the optimality equation
(w; ) =max O;maxHa(w; ) : (36)
azA N

Solutionsto (36) exist and are unique and continuous in initial conditions. Moreover, if
the curvature is positive at initial conditions, then it stays positive alongthe solution.

Proof. Lemma4 implies that the right hand side of (36) is Lipschitz-continuousin w and
: Thus, the solutionsto (36) exist and are unique and cortinuousin initial conditions.

For the sign of the curvature, note that if (w; ) = O; then the line that passeghrough

w parallelto T ( ) isauniquesolution from the initial conditions(w; ): It haszerocurvature

throughout. Therefore,if the initial curvature is positive, then it must stay positive along

the solution. Had it readed O, the ertire solution would have been a straight line by

uniqueness. Ol

The following lemmais provides an important bound, which is usedin Appendix B.

Lemma 5. There exists a constant K > 0 such that for any a 2 AN and a matrix
B=T> + N~ thatenforcesa; whee T and N are orthogonal unit vectors,

4Q

.o
aa ARy ]

F@nP (37)
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Proof. Supposethat j j | (a&;T)j; sinceotherwise(37) obviously holds.
First, considerthe casewhen (34) holdsfor i = 1 and 2: Then

= +%Q1(a)+%Qz(a)
1 2

enforcesa ontangert T = (ty;t,): Therefore,

. 1 1 L .
J ] it Qi 11 1 &T)) )
. o 1 1 2 (@T)ja.
a,T —+ — e
@) g it ¥ it Qj | Q j )
QJ j j@T) 0 J&TiE g
j (&T)j 2 (&T)j?

Second,considerthe casewhen (34) may fail, i.e. jtjj < and a involvesa best response
of playeri fori = 1 or 2. Then

(t +nm M@ G@ ) Jyi+jj jy +nj ji@j=jy @T)j )

i@ | @D i @i
u il _,(_)J: I @y )y W0 (i ?J Jji j(a )J_ _12J :
1) It j (&T)j 2 (&T)j
and (37) follows sinceQ  1:%2

J@T)jj ]

[
App endix B: The Boundary of the Set E(r):

In Section 6 we argue heuristically that the boundary of the set E(r) satis es the
optimality equation at all points outside N: To prove this result formally, consideran
arbitrary point w 2 @&(r)nN: We will shov that a tangert solution to the optimality
equationthrough point w coincideswith the boundary of E(r): Therefore,the curvature of
the boundary of E(r) outside N is cortinuousand must satisfy the optimality equation.

Prop osition 5. Tangent curv es. There is a unique tangert vector T (w) at any point
w 2 @E(r)nN : Also, the curve Cthat solvesequation (36) from initial conditions (w; T (w))
coincideswith the boundary of E(r) in a neighborhood of w:

Proof. The proof goesin two steps. First, we show that the curve C must not go outsidethe
boundary of the set E(r) in a neighborhood of w: Otherwise, by altering initial conditions
slightly, we would be able to nd a curve C°that solves equation (36) and cuts through
the boundary of the set E(r) as shown in Figure 15. Lemma 6 shows that this leadsto a
cortradiction. It followsthat the tangert vector is unique at any point w 2 @&(r)nN since

2We have Q 1 becausethe matrices Q; (a) are idempotent, and someof them are nonzero.
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otherwisea tangert solution would go outside the boundary of E(r): Secondwe show that
the curve C doesnot erter the interior E(r): Otherwise, we would be able construct PPE
that adchievesa value pair outside E(r); asshovn in Lemma8. The analysisrelies heavily
on Proposition 4, which shaws that the solutions equation (36) change cortinuously with
initial conditions.

W w
C N
E E
Figure 15: Constructing a curve that cuts through E(r):

Supposethat there are points v 2 C arbitrarily closeto w that satisfy
fv+ xN(w)”;x Og\ clE(r) = ;;

wherecl E(r) denotesthe closureof E(r): Then, by adjusting initial conditions slightly, we
candraw a curve C°that alsosolvesequation (36) and cuts through a small portion of the
boundary of E(r); asshown in Figure 15. The left panelshavsthat whenthe setE(r) hasa
kink at w; we can nd C°by moving initial conditionsinsidethe set. The right panelshows
that whenthe set E(r) hasa unique tangert at w; we can draw C° from the samepoint w
but with a rotated angle. Moreover, we can perform theseadjustmerts to guarartee that
the curve C° satis es all conditions of Lemma 6.33 Lemma 6 shavs that it is impossibleto
have such a curve C*

Lemma 6. It is impossiblefor a solution C° of (36) with endpoints v, and vy to satisfy
the following properties simultaneously

(i) thereis a unit vector N such that 8x > 0; v- + xN> 2 E(r) and vH + xN> 2 E(r):

(i) for all w2 C°with an outward unit normal N ; we have

max Nvy < Nw
VN 2N

33Clearly, (i) must hold for the vector N (w) and (iii) holds by construction. Condition (ii) is easyto
satisfy by the cortinuity of solutionsin initial conditions if N (w)w > maxy, on N (w)vy : For the casewhen
there is no kink at w; it may occur that N (w)w = N (w)vy for somevy 2 N: Supposethat vy is to the
left of w: Then C cannot go above the boundary of E(r) to the left of w; soit must do soto the right of
w: But then, by rotating the initial condition clockwise slightly, we get a curve C° asin the right panel of
Figure 15, for which (ii) holds.
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(i) C\cuts through" E(r); i.e. there existsa point v 2 C°such that Wy = v+ xN> 2 E(r)
for somex > O:

Proof. Supposesud a curve C° existed. Then there must be a PPE that achieves point
W, = v+ xN> 2 E(r): Denote by W, the cortinuation valuesin this PPE. We will show
that sud PPE is impossible.

Considerthe region R spannedby the 'level curves' C{x) = &+ xN>; x 0 and let
f :R ! < bethe levelfunction de ned by

v 2 CXf (V)):

Let us show that f (W;) increasesinde nitely with positive probability, and thus W;
must escag from the set V; leading to a cortradiction. Note that (i) implies that W;
cannot escage from R through the sidesfv, + xN>gand fvy + xN>g:

To construct an escag argumert, considerany momert of time t while W, is still in
R; and let us nd the drift and volatility of f (W,): Let us introduce a coordinate system
(ug; up) with the origin at W, and axesparallel to the unit tangert and normal vectors T
and N to the curve CYf (W,)) at W,: Then at W, in thesecoordinatesf hasthe derivative
vector

[@=@; @=@,] = [0;(TT>) 1]

and the Hessian

@ =@ ef{@@, _ (Tf)?* o

@f s(@@,  @f=@j; 0 0

where isthe curvature of CYf (W,)) at point W,; which equalsthe curvature of C’at point
v=W, f(W)N>:
If there is no public randomization, then the ewlution of W in the T-N coordinatesis
given by
d(Twy)  _ r T(We  g9(A) dt + r T By
d(N'W;) N(W:  g(Ar)) N B

Using Ito's Lemma

dz

1 TWe g(AY) +1— r?
Tf> NW oA)  27f>

1 TBt r
o Z = —
Tf> NB T T

Let us shaw that the drift of f (W,) is greaterthan or equalto rf (W;) Kr(TT>) LNBj
for an appropriate constart K > 0: We have

d(W)= r 0 jTB? dt+

r o N(W; g(A)) dt+ EroBthdt+ N B, dz,

N(W;  g(A)) = NR7fF (W) N(g(A) V): (38)
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If N(g(A;) V) O (and by (ii) this is always the casewhena 2 AN), then the drift of
f (W,) is greaterthan or equalto rf (W,): If N(g(A;) V) > 0 (andthusa2 AN; we have

2N (9(A) V)
rji (A;T)j?

(39)

becauseC’ solvesequation (36). Therefore,the drift of f (W,) is greaterthan or equalto

4Q

r .. 40, ,
JVJ—INB;

5 NRZEW) N@gA) V)
wherewe usedLemma5.
Therefore, by Lemma 7 there exists a probability measureequivalent to the measure
inducedby A; under which the process (W;) hasdrift greaterthan rf (W,): It follows that
f (W) would escag from V with positive probability, sincef (Wg) > O:
With public randomization the expressionfor d (W,;) would include an extra term, a
submartingaleorthogonalto Z;; sincef is a corvexfunction. Again, Lemma? implies that
f (W;) escagsfrom V with positive probability. Ol

iTBj?

'
j (AgT)j?

rf (Wt) _I__i;>

If E(r) 6 N; then Lemma 6 implies that E(r) has nonempty interior. Indeed,if E(r)
were an interval (or a point), its endpoints would have to be in N becausethe boundary
of E(r) cannot have kinks outside N :

Lemma 7. Let F be a processthat satis es
Z t YA t
0 0

whee ; rF; Kj {jwhileF, 0for someconstantK > 0; Z is a Brownian motion and
G is a submartingaleorthogonalto Z: Then there is an equivalentmeasure under which
Z t Z t
Fo= Fo+ Ods+ 022+ Gy;
0 0

whee ? rF, whileF; 0O; and under the new measure Z°is a Brownian motion and G
is still a submartingale.

Proof. By Girsanov's theorem, the density process
0= 1; d t = K t%dZt
]t
de nes an equivalert probability measureQ®with the Brownian motion

Z

z0=7, K —Ldt
ol t
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Novikov's condition holds sincethe processK 5 j is bounded. Thus,
Z t Z t
Fi=Fo+ (s+Kjg)ds+ s 0ZJ+ dGy;
0 0
where {+ Kj {j rF; whileF, 0: The processG; is still a submartingale becausethe
density process is orthogonalto G: O

Next, we needto prove that a solution to the optimality equationthat is tanger to the
boundary of E(r) at an arbitrary point w 2 @&(r)nN doesnot enter the interior of E(r);
denotedby E(r) :

Lemma 8. Tangent curves do not enter E(r): Considerpoint w 2 @ (r)nN with an
outward unit normal vector N: Then the curve C, which solvesequation (24) from initial
conditions (w; N); lies completely outside or on the boundary of the set E(r): It doesnot

erter the interior of E(r):

Proof. Supposethereisv 2 C\ E(r) ; asshavn in Figure 16. We will showv how to construct
a curve C°with two endpoints v, ;vg 2 E(r) and a point W, 2 E(r) betweenthem.

Figure 16: Proof of Lemma 8.

Take a neighborhood N around point v in the interior of E(r): Without lossof general-
ity, assumethat point v is found by moving in the clockwise direction from point w along
the curve C, as shawvn in Figure 16. Let us choosea normal vector N° by rotating N in
the courterclockwise direction. Considerthe curve C° that solvesthe optimality equation
from initial conditions (w; N9: From the cortinuity of solutions of the optimality equation

46



in initial conditions, if N%is su cien tly closeto N; then the curve C°will erter the neigh-
borhood N of v: BecauseN s rotated courterclockwise relative to N; the curve C° will
passabove the line P,, tangert to E(r) at w betweenw and N : Becausethere a unique
tangert line P,, at point w; asarguedearlier, the curve C°will erter the interior of E(r) in
the courterclockwisedirection from w: Therefore,we canchooseW, 2 E(r) that is between
points v, and vg 2 E(r) on the curve C% asshown in Figure 16. By Proposition 3, there
is a PPE that achievesthe value pair Wy; soW, 2 E(r); a cortradiction. We concludethat
the curve C cannot enter the interior of the set E(r): O

This concludesthe proof of the Proposition 5. O
Corollary 2. The setE(r) hasa strictly positive curvature at all points w 2 @&(r)nN::

Proof. If a tangert solution of equation (36) had zero curvature at point w 2 @&(r)nN;
then it must be a straight line. SinceE(r) is a boundedset, Proposition 5 implies that this
solution must read the set N on both sidesof w: But then w 2 N ; a cortradiction. O
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