Economics 209A
Professor Yuliy Sannikov

Problem Set 4.

Directions: 1 will post hints for this problem set after

class on Monday, October 24, 2005. If you can do any of the problems before Monday,
please submit them in class for extra credit. You are allowed to discuss problems with
your classmates but need to acknowledge discussion just like before. 1 will give at least
one more week to do the problem set after hints are posted.

Problem 1.

It is argued in mergers and acquisitions that a raider may benefit from acquiring a toehold
before making a takeover bid. This problem is designed to investigate this claim.

There are two bidders in a potential takeover with valuations for the target v; and v,
distributed independently uniformly on [0, 1]. Suppose that the target’s value is 0 in case
a take-over fails. Bidders 1 and 2 own fractions a;; and a, € [0, %2) of the target’s shares
before the auction. Assume that bidder 1 has a bigger toehold, i.e. o3 > ap. The target
owns the remaining fraction 1 - o - a; € [Y%, 1] of its shares. Each bidder needs to
acquire % of the target’s shares to gain control over the target. If bidder i gains control
over the target, the target’s value rises to v;.

Suppose that the target designs an optimal auction to determine its acquirer. Assume that
the target can commit to such an auction. If bidder i wins the auction, the target needs to
give it % - o, of its shares.

(a) If bidder 1 wins the auction and pays x to the acquirer, what is his payoff?

(b) If bidder 2 wins the auction and bidder 1 pays x to the acquirer, what is bidder 1’s
payoff?

(c) Following Myerson (1981), please design an optimal auction and derive bidder
1’s and bidder 2’s expected utilities as functions of their valuations. Which
bidder gets a higher payoff? Interpret.

Remark. Assume that if one of the bidders refuses to participate in the auction, then the
target does not hold auction altogether. For example, if bidder 1 refuses to participate,
then bidder 2 does not acquire the target and the toehold of bidder 1 has value 0. Also,
assume that the target knows the toeholds of each bidder because by law, potential
acquirers are required to report their toeholds.



Problem 2.

Consider a Rubinstein bargaining setting, in which both players have the same constant
cost ¢ of waiting per period.

(a) Find sets A and B.

(b) Find the range of values of c, for which there exists a SPE in which agreement is
not reached in the first period. Construct such a SPE. As building blocks, you
may use SPE with immediate agreement and any value in A for the player who
makes an offer without elaborating on what happens in those SPE.

Problem 3.

Consider the following general set of mechanisms (M, a) in the costly state verification
framework. The entrepreneur has to choose some message from a message space M,
which determines action according to a rule a : M — A. Actions can consist of a transfer
payment (where the entrepreneur can only choose messages that yield feasible transfer
payments), and a deterministic decision rule by the lender on whether to verify. If the
lender does verify, the action can include a feasible payment that depends on the type
verified. In this setting with perfect commitment, we can invoke the revelation principle
(as we did in class) and characterize an optimal mechanism. There are, of course, many
other mechanisms (that need not be truth-telling direct revelation mechanisms) that
implement the same outcome as our standard debt contract. Let this set of optimal
mechanisms be called O.

Now suppose that the lender cannot commit through a mechanism to verify; but rather,
the mechanism only gives the lender the right to verify, which the lender may choose not
to exercise. The lender will only exercise this right when it is in her interest to do so,
given equilibrium actions. We call a mechanism “credible” if the lender chooses to
verify whenever he has the right to do so. Whether or not a mechanism in O is credible
will of course depend on the exogenously given prior distribution F of cash outcomes, the
cost of verification, and D (which depends on the exogenous variable K).

A. Identify the “most credible” mechanism in O. In particular, characterize a
mechanism in O that is credible for any set of exogenous parameters (F, ¢, D)
which admits any credible mechanism in O.

B. Under what conditions on (F, ¢, D) will this “most credible” mechanism in fact be
credible?

Problem 4.

Consider the war of attrition from the first lecture and from problem 1 on problem set 1,
except that now both players may be behavioral with probabilities p; for player 1 and p;



for player 2. Recall that two players initially make demands (2,1) and (1,2) about how to
split $3, and wait until one of the players concedes. Both players discount future payoffs
at the common rate r. The behavioral type is not able to concede. The purpose of this
problem is to characterize all mixed strategy Bayesian Nash equilibria. Denote by F; the
CDF of concession times of the normal type of player 1, and by F, the CDF of
concession times of the normal type of player 2.

A. Sketch a proof for each of the following claims. Be as concise as possible.
(1) F1 and F; reach 1 at the same time at some time T > 0.
(2) F1 and F;, have no atoms, except possibly at 0.

(3) F1and F; are strictly increasing on [0, T].

B. Find all Bayesian Nash equilibria, and justify your logic.

Problem 5.

Consider the following version of the education signaling model. There is a continuum
of types of workers with skill levels t € [0, 2]. Skill level is unobservable, but employers
can see worker’s education e, and infer from it the worker’s type. The cost of getting
education e to type t is (t — €)%, where t is the “bliss” education level. If the market
believes that a worker is of type t, it will pay the worker wage 2t. Find the fully
separating signaling equilibrium.

Problem 6.

(next page)



Problem 6.

Recall the setting of Morris and Shin (1998). The state of fundamentals 4 is unifo*rmly
distributed on theinterval [0, 1]. Suppose that the currency isinitially pegged ate = 2,
and the exchange rate in the absence of government intervention is given by f(6) = %2+6.
Thereisaunit mass of speculators, each of whom gets a signal x about the state of
fundamentals & uniformly distributed on [6- &, 6+ & where g isrelatively small. The
signals are independent across speculators, conditional on 6. After receiving their
signals, the speculators simultaneously decide whether to attack the currency or not. A
speculator’s payoff is e — f () —t he attacks and the currency is devalued, and -t if
attacks and the currency is defended, wheret = 1 is the transaction cost. If a speculator
does not attack, he gets a payoff of 0.

After seeing the mass of speculators who attack, the government decides whether to
defend the exchange rate or not. The government derives value v = 1 from defending the
exchange rate, but hasto pay acost of ¢(e, ) = 1.2 + o - 6, where a is the mass of
speculators who attack.

The objective of this problem is to characterize the unique equilibrium.

(a) Find the state of fundamentals @, such that for < € the government will not
defend the currency even if nobody attacks.

(b) Find the state of fundamentals @ , such that for > 6 a speculator would get a
negative payoff from attacking even if the currency is devalued for sure.

(c) Find a(6), the critical mass of speculators that triggers a deval uation when the
state of fundamentalsis6.

(d) Conjecture that a speculator attacksif and only if hissignal x <x". Assuming X"
e [ 8 +¢, 1-¢], plot the mass of speculators who attack as a function of the state of

fundamentals.

(e) Add a(d) to your plot. Show graphically the region where the currency is
defended. Asafunction of X', compute &, the critical value of fundamentals such
that the government defends the currency if and only if 6> ¢

(f) Find ¢ and x” in equilibrium. Y ou will have a quadratic equation for 6.

(9) Is Theorem 2 from Morris and Shin (1998) correct?



