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Continuous-Time Games: analogous to

repeated games with imperfect monitoring

(e.g. Abreu, Pearce and Stacchetti, 1990)

Structure of the Game:

• stage game: two players take private actions

• see public signals, which depend on actions

• Brownian motion distorts public signals

• private action and public signals→ payoff of a player

• stage game is played continuously
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Goal: study “second best,” not Folk Theorem

Simple and intuitive ordinary differential equation

• characterizes E(r), set of payoffs achievable in
asymmetric public perfect equilibria?

• can be used for computation

• describes optimal public perfect equilibria
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Public Perfect Equilibria:

History of public signals: P1 P2 . . . Pt . . .

Private history: Ai
1 Ai

2 . . . Ai
t . . .

Public Strategy: player’s action at all times is deter-
mined completely by the history of public signals

Public Perfect Equilibrium: profile of public strategies,
such that after any history of public signals, continuation
strategies form a Nash equilibrium

4





Formal Model

Two players continuously take private actions

A1
t ∈ A

1 ⊂ < and A2
t ∈ A

2 ⊂ <, t ∈ [0,∞)

Players do not see each other’s actions, but see signals

dX1
t = A1

t dt + dZ1
t and dX2

t = A2
t dt + dZ2

t

Z1 and Z2 are independent Brownian motions

Ft is information about paths of X1 and X2 until time t

A1
t and A2

t are determined by Ft (adapted to {Ft})

Lifetime payoff of player i :

E

[

r

∫ ∞

0

e−rt(ci(A
i
t) dt + bi(A

i
t) · dXt)

]

= E

[

r

∫ ∞

0

e−rtgi(At) dt

]

where gi(ai, aj) = ci(ai) + bi(ai) · (a1, a2) is

− linear in aj ⇐ follows from payoffs

− concave in ai ⇐ assume

Definitions:

A = (A1, A2) is a public perfect equilibrium (PPE) if Ai

maximizes the payoff of player i given Aj, i = 1,2.

Denote by E(r) the set of payoff pairs achieved by PPE
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Example: Noisy Partnership

A1 = A2 = {0,1}

0 means “no effort” and 1 means “effort.”

Players observe

dX1
t = A1

t dt + dZ1
t dX2

t = A2
t dt + dZ2

t .

Payoff of player 1

E

[

r

∫ ∞

0

e−rt( 2(dX1
t + dX2

t )− 3A1
t dt)

]

.

Payoff of player 2

E

[

r

∫ ∞

0

e−rt
(
2(dX1

t + dX2
t )− 3A2

t dt
)
]

.

Payoff functions gi(a1, a2) = 2aj − ai give matrix

0 1
0 0, 0 2, -1
1 -1, 2 1, 1

7





Example: Duopoly

Supply rates A1 = A2 = {0,1,2, . . .20}

Firms observe prices

dP 1
t = (40− 3A1

t − 2A2
t ) dt + noise

dP 2
t = (40− 3A2

t − 2A1
t ) dt + noise

From prices, they learn signals

dX1
t = A1

t dt + dZ1
t =

2

5
dP 2

t −
3

5
dP 1

t + 8 dt

dX2
t = A2

t dt + dZ2
t =

2

5
dP 1

t −
3

5
dP 2

t + 8 dt

Payoffs

r

∫ ∞

0

e−rtA1
t dP 1

t and r

∫ ∞

0

e−rtA2
t dP 2

t

Payoff functions gi(ai, aj) = ai(40− 3ai − 2aj).

Static Nash: (5,5)

Best Collusive Quantities: (4,4)
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Important Sets.

Stage game G

G = {N = {1,2}, (Ai)i=1,2, (gi)i=1,2}.

Pure strategy Nash equilibria AN ⊆ A= A1 ×A2.

N ≡ co {(g1(a), g2(a)) | a ∈ A
N}

V ≡ co {(g1(a), g2(a)) | a ∈ A}.

The minmax payoff of player i is

vi = min
aj

max
ai

gi(ai, aj).

Define

V∗ ≡ {v ∈ V | vi ≥ vi for all i}.

Propositon 1. E(r) is a convex set satisfying

N ⊆ E(r) ⊆ V∗ ⊆ V.
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