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Multivariate Nonstationary Time Series

When estimating multivariate models with nonstationary data, we face a nontrivial model selection prob-
lem. On the one hand, all of the results derived in the univariate unit root model have multivariate
analogues. That is, there are multivariate unit root models in which one needs to use �rst di¤erences of
the data when doing inference. On the other hand, there is an important class of models, cointegration
models, where the use of data in �rst di¤erences introduces noninvertibility/over-di¤erencing problems.

Multivariate Unit Root Models

All of the results derived in the univariate unit root model have multivariate analogues. Some generaliza-
tions are more obvious than others, however. By analogy with the univariate case without deterministic
components, suppose zt is a zero-mean observed k-dimensional time series generated by

zt = zt�1 + vt; vt = 	(L) "t (t = 1; : : : ; T ) ;

where z0 = 0; 	(L) =
P1
i=0	iL

i; and "t � i:i:d: (0;�) : This model generalizes the univariate �case 2�
model. When 	(L) = I; we have a multivariate �case 1�model.

As in the univariate case, the limiting distributions of estimators and test statistics can be characterized
in terms of functionals of (multivariate) Brownian motions. A continuous time k-dimensional process
fB (r) : 0 � r � 1g is a Brownian motion with variance �; denoted B � BM (�) ; if

� B (0) = 0

� For 0 � r1 < r2 � 1; B (r2) � B (r1) is independent of fB (r) : 0 � r � r1g and is distributed
N [0;� � (r2 � r1)]

� Any realization of B (�) is continuous

If B � BM (I) ; B is a k-dimensional Wiener process. Clearly, B � BM (�) if B (�) = �1=2W (�) for some
Wiener process W (and vice versa), where �1=2 is a k � k matrix such that �1=2�1=20 = �:

VAR(1) estimation, case 1. When 	(L) = I; the model is

zt = zt�1 + "t (t = 1; : : : ; T ) ;

where z0 = 0 and "t � i:i:d: (0;�) :
Suppose the following equation is estimated by OLS:

zt = Âzt�1 + "̂t:

The OLS estimator Â =
�PT

t=1 ztz
0
t�1

��PT
t=1 zt�1z

0
t�1

��1
satis�es
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Donsker�s theorem generalizes in an obvious way to the multivariate case:

1p
T

bT �cX
t=1

"t !d �
1=2W (�) ;

where W is a k-dimensional Wiener process. Upon de�ning ZT (r) = zbTrc=
p
T ; we therefore have:

1

T 2

TX
t=1

zt�1z
0
t�1 =

Z 1

0
ZT (r)ZT (r)

0 dr !d �
1=2

�Z 1

0
W (r)W (r)0 dr

�
�1=20:

In the univariate case, the derivation of the limiting distribution of the OLS estimator was completed
by showing that

1

T

TX
t=1

yt�1"t !d
1

2
�2
h
W (1)2 � 1

i
:

As it turns, the following multivariate analogue of that result does not hold:

1

T

TX
t=1

zt�1"
0
t !d

1

2
�1=2

�
W (1)W (1)0 � I

�
�1=20:

By analogy with the univariate case, we have:

ztz
0
t = (zt�1 + "t) (zt�1 + "t)

0 = zt�1z
0
t�1 + zt�1"

0
t + "tz

0
t�1 + "t"

0
t

and

1

T

TX
t=1

zt�1"
0
t +

1

T

TX
t=1

"tz
0
t�1 =

1

T
zT z

0
T �

1

T

TX
t=1

"t"
0
t

= ZT (1)ZT (1)
0 � 1

T

TX
t=1

"t"
0
t

!d �
1=2
�
W (1)W (1)0

�
�1=20 � �

= �1=2
�
W (1)W (1)0 � I

�
�1=20:

Unlike the univariate case, T�1
PT
t=1 zt�1"

0
t =

�
T�1

PT
t=1 "tz

0
t�1

�0
6= T�1

PT
t=1 "tz

0
t�1 in general, so
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and a di¤erent method of proof must be employed in the multivariate case.
A result that does generalize to multivariate settings can be obtained by making use of the fact that

1

2

h
W (1)2 � 1

i
=

Z 1

0
W (r) dW (r) ;

where the integral on the right hand side is an Itô integral, the de�nition of which can be found in stochastic
calculus textbooks such as �Brownian Motion and Stochastic Calculus� by Karatzas and Shreve. The
univariate result

1

T

TX
t=1

yt�1"t !d
1

2
�2
h
W (1)2 � 1

i
can therefore be rephrased as follows:

1

T

TX
t=1

yt�1"t !d �
2

Z 1

0
W (r) dW (r) :

Chan and Wei (1988, Annals of Statistics, 16, 367-401) have shown that the result in the preceding display
has the following multivariate analogue:

1

T

TX
t=1

zt�1"
0
t !d �

1=2

�Z 1

0
W (r) dW (r)0

�
�1=20:

As a consequence,

T
�
Â� I

�
=

 
1

T

TX
t=1

zt�1"
0
t

!0 
1

T 2

TX
t=1

zt�1z
0
t�1

!�1

!d

�
�1=2

�Z 1

0
W (r) dW (r)0

�
�1=20

�0�
�1=2

�Z 1

0
W (r)W (r)0 dr

�
�1=20

��1

= �1=2
�Z 1

0
W (r) dW (r)0

�0 �Z 1

0
W (r)W (r)0 dr

��1
��1=2:

Remark. A Wald test of A = I can be based on

F = vec
�
Â� I

�00@ TX
t=1

zt�1z
0
t�1

!�1

 �̂

1A�1 vec�Â� I� ;
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where �̂ = T�1
PT
t=1 "̂t"̂

0
t: Its null distribution is a multivariate analogue of the Dickey-Fuller distribution:

F !d tr

 �Z 1

0
W (r) dW (r)0

�0 �Z 1

0
W (r)W (r)0 dr

��1 �Z 1

0
W (r) dW (r)0

�!
:

In particular, the limiting null distribution of F is non-standard, but does not depend on any nuisance
parameters.

Similarly, a multivariate version of the Dickey-Fuller coe¢ cient test can be based on tr
h
T
�
Â� I

�i
:

tr
h
T
�
Â� I

�i
!d tr

 �Z 1

0
W (r)W (r)0 dr

��1 �Z 1

0
W (r) dW (r)0

�!
: �

Stochastic integrals. Let W be a scalar Wiener process and let F be a (possibly random and/or
vector valued) function. It turns out to be nontrivial to de�ne an integral of F with respect to W: The
usual (Riemann-Stieltjes) construction proceeds as follows:

� Pick any 0 � t0 < t1 < : : : < tn � 1:

� Pick any fsi : 1 � i � ng with ti�1 � si � ti 8i:

� Compute the sum
Pn
i=1 F (si) [W (ti)�W (ti�1)] :

� Take limits as n!1 and max1�i�n jti � ti�1j ! 0:

This construction fails when W is a Wiener process. Roughly speaking, the Itô construction is:

� Pick a particular partition 0 � t0 < t1 < : : : < tn � 1:

� Compute the sum
Pn
i=1 F (ti�1) [W (ti)�W (ti�1)] :

� Take limits as n!1 () max1�i�n jti � ti�1j ! 0) :

The resulting (well de�ned) limit is a random variable denotedZ 1

0
F (r) dW (r) :

The properties of this random variable depend on the properties of F: For our purposes, the following
results su¢ ce:

1. Suppose F is non-random and continuous. ThenZ 1

0
F (r) dW (r) � N

�
0;

Z 1

0
F (r)F (r)0 dr

�
:

Moreover, Z 1

0
F (r) dW (r) = F (r)W (r)j1r=0 �

Z 1

0
F 0 (r)W (r) dr
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whenever F is di¤erentiable. For example (set F (r) = 1),Z 1

0
dW (r) =W (1)

and (set F (r) = 1� r) Z 1

0
(1� r) dW (r) =

Z 1

0
W (r) dr � N

�
0;
1

3

�
:

2. Suppose F is continuous, random and independent of W: ThenZ 1

0
F (r) dW (r) � N

�
0;

Z 1

0
F (r)F (r)0 dr

�
conditional on fF (r) : 0 � r � 1g : For example, if Wx and Wy are independent Wiener processes of
dimension m and 1; respectively,Z 1

0
Wx (r) dWy (r) � N

�
0;

Z 1

0
Wx (r)Wx (r)

0 dr

�
conditional on fWx (r) : 0 � r � 1g :

3. Suppose F = F1 + F2; where F1 is of bounded variation and F2 is a Brownian motion. ThenZ 1

0
F (r) dW (r) = F (r)W (r)j1r=0 �

Z 1

0
dF (r)W (r)�

Z 1

0
dE [F2 (r)W (r)] :

For example (take F (r) =W (r) ) E [F (r)W (r)] = r),

Z 1

0
W (r) dW (r) = W (r)2

���1
r=0

�
Z 1

0
dW (r)W (r)�

Z 1

0
dr

= W (1)2 �
Z 1

0
W (r) dW (r)� 1;

implying

1

2

h
W (1)2 � 1

i
=

Z 1

0
W (r) dW (r) :

VAR(1) estimation, case 2. Suppose

zt = zt�1 + vt; vt = 	(L) "t (t = 1; : : : ; T ) ;

where z0 = 0; 	(L) =
P1
i=0	iL

i with j	(1)j 6= 0;
P1
i=1 i k	ik <1; and "t � i:i:d: (0;�) :

The full rank assumption j	(1)j 6= 0 is stronger than the assumption 	(1) 6= 0: The summability
condition on f	i : i � 1g is expressed in terms of the Euclidean norm k�k de�ned as

5



Economics 241B Fall 2008

kMk =

0@ mX
i=1

nX
j=1

m2
ij

1A1=2 = tr
�
M 0M

�1=2
for any m� n matrix M with elements fmij : 1 � i � m; 1 � j � ng :

The BN decomposition of 	(L) is

	(L) = 	 (1) + (1� L) ~	 (L) ;

where ~	 (L) =
P1
i=0

~	iL
i with ~	i = �

P1
j=i+1	j : The summability condition

P1
i=1 i k	ik < 1 impliesP1

i=0




~	i


 < 1: Using these algebraic results and the multivariate version of Donsker�s theorem, it can
be shown that

T�1=2
bT �cX
t=1

vt !d 	(1)�
1=2W (�) = 
1=2W (�) ;

where 
 = 	(1)�	 (1)0 in the long-run covariance matrix of vt:
Upon de�ning ZT (r) = zbTrc=

p
T ; we therefore have:

1

T 2

TX
t=1

zt�1z
0
t�1 =

Z 1

0
ZT (r)ZT (r)

0 dr !d 

1=2

�Z 1

0
W (r)W (r)0 dr

�

1=20:

As in case 1, we have to be careful when generalizing the univariate result

1

T

TX
t=1

yt�1vt !d
1

2
!2
h
W (1)2 � 1

i
+
1

2

�
!2 � 
v (0)

�
;

where !2 = �2 (1)2 and 
v (0) = �2
P1
i=0  

2
i : Using the relations

1

2

h
W (1)2 � 1

i
=

Z 1

0
W (r) dW (r)

and

1

2

�
!2 � 
v (0)

�
= lim
T!1

1

T

TX
t=1

E (yt�1vt) =
1X
i=1


v (�i) ; 
v (�i) = E (vt�ivt) ;

the univariate result is:

1

T

TX
t=1

yt�1vt !d !
2

Z 1

0
W (r) dW (r) + �; � =

1X
i=1


v (�i) :

The following multivariate analogue of that result is due to Phillips (1988, Econometric Theory, 4, 528-533):

1

T

TX
t=1

zt�1v
0
t !d 


1=2

�Z 1

0
W (r) dW (r)0

�

1=20 + �;
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where

� = lim
T!1

1

T

TX
t=1

E
�
zt�1v

0
t

�
=

1X
i=1

�v (�i) ; �v (�i) = E
�
vt�iv

0
t

�
:

As a consequence,

T
�
Â� I

�
=

 
1

T

TX
t=1

zt�1v
0
t

!0 
1

T 2

TX
t=1

zt�1z
0
t�1

!�1

!d

�

1=2

�Z 1

0
W (r) dW (r)0

�

1=20 + �

�0�

1=2

�Z 1

0
W (r)W (r)0 dr

�

1=20

��1
:

Remark. Let

Â+ = Â� T � �̂0
 

TX
t=1

zt�1z
0
t�1

!�1
;

where �̂ is a consistent estimator of � such as

�̂ =
bX
i=1

�
1� i

b

�
�̂v (�i) ; �̂v (�i) =

1

T

TX
t=i+1

v̂t�iv̂
0
t;

which is consistent if b!1 but b=
p
T ! 0 as T !1: We have:

T
�
Â+ � I

�
= T

�
Â� I

�
� �̂0

 
T�2

TX
t=1

zt�1z
0
t�1

!�1

!d 

1=2

�Z 1

0
W (r) dW (r)0

�0 �Z 1

0
W (r)W (r)0 dr

��1

�1=2:

A Wald test of A = I can be based on

F+ = vec
�
Â+ � I

�0 24 TX
t=1

zt�1z
0
t�1

!�1

 
̂

35�1 vec�Â+ � I� ;
where 
̂ is a consistent estimator of 
 such as the Newey-West estimator


̂ = �̂v (0) +
bX
i=1

�
1� i

b

��
�̂v (i) + �̂v (i)

0
�
; �̂v (i) = T�1

TX
t=i+1

v̂tv̂t�i:
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Its null distribution can be characterized as follows:

F+ !d tr

 �Z 1

0
W (r) dW (r)0

�0 �Z 1

0
W (r)W (r)0 dr

��1 �Z 1

0
W (r) dW (r)0

�!
: �

As does its univariate counterpart, the multivariate unit root model gives rise to nonstandard distrib-
utional results. In the univariate unit root model, standard theory applies if the �rst di¤erence of the data
is used. A similar result holds in the multivariate unit root model. It turns out, however, that there is
an important class of multivariate nonstationary time series model for which this is not the case. These
models, cointegration models, have 	(1) 6= 0 but j	(1)j = 0 and will be studied later. Before doing so,
we illustrate another problem that can arise when multivariate models are estimated in levels.

Spurious regressions. Suppose fyt : 1 � t � Tg and fxt : 1 � t � Tg are independent random walks
of dimension 1 and m; respectively:�

�yt
�xt

�
=

�
"yt
"xt

�
� i:i:d:

��
0
0

�
;

�
�yy 0
0 �xx

��
:

Moreover, suppose the following equation is estimated by OLS:

yt = �̂
0
xt + ût (t = 1; : : : ; T )

Since fyt : 1 � t � Tg and fxt : 1 � t � Tg are independent, intuition would suggest that �̂ should be in-
signi�cantly di¤erent from zero in moderate samples and that �̂ !p 0 and R2 !p 0: In an in�uential Monte
Carlo study, Granger and Newbold (1974, Journal of Econometrics, 2, 111-120) found that regressions of
this type tend to produce a moderately large R2 and a large regression F -statistic.

The OLS estimator is

�̂ =

 
TX
t=1

xtx
0
t

!�1 TX
t=1

xtyt

!
:

The regression F�statistic is

F = m�1 � �̂0
24�̂2 TX

t=1

xtx
0
t

!�135�1 �̂
= m�1 � �̂�2

 
TX
t=1

xty
0
t

!0 TX
t=1

xtx
0
t

!�1 TX
t=1

xty
0
t

!

=
T �m
m

� R2

1�R2 ;

where �̂2 = (T �m)�1
PT
t=1 û

2
t and
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R2 =

PT
t=1 y

2
t �

PT
t=1 û

2
tPT

t=1 y
2
t

:

Let

YT (r) = T�1=2ybTrc:

and

XT (r) = T�1=2xbTrc

By the multivariate FCLT, �
YT (�)
XT (�)

�
!d

 
�
1=2
yy Wy (�)
�
1=2
xx Wx (�)

!
;

where Wy and Wx are independent Wiener processes of dimension 1 and m; respectively. By CMT,

�̂ =

 
1

T 2

TX
t=1

xtx
0
t

!�1 
1

T 2

TX
t=1

xtyt

!

=

�Z 1

0
XT (r)XT (r)

0 dr +
1

T
XT (1)XT (1)

0
��1 �Z 1

0
XT (r)YT (r) dr +

1

T
XT (1)YT (1)

0
�

!d �
1=2
yy �

�1=20
xx

�Z 1

0
Wx (r)Wx (r)

0 dr

��1 �Z 1

0
Wx (r)Wy (r) dr

�
:

In other words, �̂ has a non-degenerate limiting distribution (with mean zero). The limiting distribution
of R2 is also non-degenerate,

R2 =

�PT
t=1 ytx

0
t

��PT
t=1 xtx

0
t

��1 �PT
t=1 xtyt

�
PT
t=1 y

2
t

=

hR 1
0 YT (r)XT (r)

0 dr
i hR 1

0 XT (r)XT (r)
0 dr
i�1 hR 1

0 XT (r)YT (r) dr
i

R 1
0 YT (r)

2 dr
+ op (1)

!d

hR 1
0 Wy (r)Wx (r)

0 dr
i hR 1

0 Wx (r)Wx (r)
0 dr
i�1 hR 1

0 Wx (r)Wy (r) dr
i

R 1
0 Wy (r)

2 dr
;
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as is the limiting distribution of T�1F :

1

T
F =

T �m
T �m � R2

1�R2

!d
1

m
�

hR 1
0 Wy (r)Wx (r)

0 dr
i hR 1

0 Wx (r)Wx (r)
0 dr
i�1 hR 1

0 Wx (r)Wy (r)
0 dr
i

R 1
0 Wy (r)

2 dr �
hR 1
0 Wy (r)Wx (r)

0 dr
i hR 1

0 Wx (r)Wx (r)
0 dr
i�1 hR 1

0 Wx (r)Wy (r) dr
i :

The F -statistic diverges even though fytg and fxtg are completely independent. This phenomenon, the
spurious regression problem, illustrates what might happen if we run regressions in levels when the data
is nonstationary. The qualitative conclusions remain the same if we include deterministic terms in the
regression, allow �yt and �xt to be serially correlated and/or imperfectly correlated with each other. The
�autocorrelation robust�regression statistic

G = �̂
0

24!̂2 TX
t=1

xtx
0
t

!�135�1 �̂;
where !̂2 is the Newey-West estimator computed from fûtg ; also diverges, albeit at a slower rate than F:

The spurious regression example resembles the multivariate unit root example. An obvious solution to
the spurious regression problem is to run regressions in �rst di¤erences.

Cointegration

A bivariate example. Suppose yt and xt are I (1) (i.e., each series has a unit root). Then yt and
xt are cointegrated if yt � �xt is I (0) for some �: Therefore, �yt and �xt are stationary, as is yt � �xt:
Cointegration is an implication of many economic theories. For instance, a simple version of the permanent
income hypothesis suggests that consumption and income should be cointegrated if they each have a unit
root.

A bivariate cointegration model is the following:

yt = �xt + u
y
t

�xt = uxt ;

where � 6= 0 and �
uyt
uxt

�
� i:i:d:

��
0
0

�
;

�
�yy 0
0 �xx

��
:

Since �xt = uxt �WN (0; �xx) ; xt � ARIMA (0; 1; 0) : In particular, xt � I (1) : Moreover,

�yt = ��xt +�u
y
t = �uxt + u

y
t � u

y
t�1

10
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has a non-invertible MA (1) representation, so yt � ARIMA (0; 1; 1) : In particular, yt � I (1) : The linear
combination yt � �xt = uyt �WN (0; �yy) is I (0) ; so yt and xt are cointegrated.

The vector moving average (VMA) representation of (�yt;�xt)
0 is

�
�yt
�xt

�
=

�
1 �
0 1

��
uyt
uxt

�
+

�
�1 0
0 0

��
uyt�1
uxt�1

�

= 	(L)

�
uyt
uxt

�
:

Since

	(1) =

�
0 �
0 1

�
is singular, 	(L) is non-invertible and (�yt;�xt)

0 does not have a VAR representation.
The VAR representation of (yt; xt)

0 is

�
1 ��
0 1

��
yt
xt

�
=

�
0 0
0 1

��
yt�1
xt�1

�
+

�
uyt
uxt

�
m

�
yt
xt

�
=

�
0 �
0 1

��
yt�1
xt�1

�
+

�
eyt
ext

�
;

�
eyt
ext

�
=

�
1 �
0 1

��
uyt
uxt

�
:

The eigenvalues of �
0 �
0 1

�
are zero and one, so (yt; xt)

0 is nonstationary.
An alternative representation is

�
�yt
�xt

�
=

�
�1 �
0 0

��
yt�1
xt�1

�
+

�
eyt
ext

�

=

�
�1
0

�
(1;��)

�
yt�1
xt�1

�
+

�
eyt
ext

�
:

The multivariate case. Let zt be a k � 1 vector of integrated time series (i.e. each element is I(1)).
If there exists a full rank k � r matrix 
 such that 
0zt is I(0), but ~
0zt is non-stationary whenever ~
 is
a full rank k � (r + 1) matrix, then zt is cointegrated with cointegration rank r : The cointegration rank
r is unique. On the other hand, the matrix 
 appearing in the de�nition of cointegration is not unique,

11
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because (
M)0 zt =M 0
0zt is I(0) whenever M is a nonsingular r � r matrix and 
0zt is I(0) :

Representations. Suppose zt is cointegrated with cointegration rank r:
The triangular representation of zt is

yt = �0xt + u
y
t

�xt = uxt ;

where
�
uy0t ; u

x0
t

�0
is stationary and the rows of

zt =

�
yt
xt

�
l r
l k � r

have been permuted (if necessary) in such a way that we can set


 =

�
Ir
��

�
in the de�nition of cointegration. The triangular representation is useful for estimation. In particular, the
parameter 
 is identi�ed.

The moving average representation of �zt is

�zt = 	(L) "t;

where "t � WN (�) and 	(1) has rank k � r: Notice that the rank de�ciency of 	(1) equals the cointe-
gration rank of zt: Indeed, it is easy to show that


0	(1) = 0:

The moving average representation is useful for trend extraction.
If zt is generated by a V AR (p) ;

zt = A1zt�1 + : : :+Apzt�p + "t;

then the vector error correction representation of zt is

�zt = �
0zt�1 +�1�zt�1 + : : :+�p�1�zt�p + "t;

where � is a full rank k � r matrix, as is 
: In particular, the k � k matrix �
0 has (reduced) rank r: The
vector error correction representation is useful for estimation. Since �
0 = � (M 0)�1M 0
0 for any nonsin-
gular r � r matrix M; 
 is not identi�ed unless further restrictions (such as 
 =

�
Ir;��0

�0) are imposed.
Estimation. When zt is cointegrated, 	(L) in the moving average representation of �zt is noninvertible
and we cannot simply estimate a VAR in �rst di¤erences. On the other hand, distributional results are

12
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non-standard if an unrestricted VAR in levels is estimated. In contrast, it turns out that estimators ob-
tained from models imposing the true cointegration rank are well behaved. The most interesting problem
is that of estimating 
; the parameter characterizing the cointegrating relations. Indeed, inference on
the parameters characterizing the transient dynamics of the system (i.e. the serial correlation pattern of�
uy0t ; u

x0
t

�0
in the triangular representation and �;�1; : : : ;�p�1 in the vector error correction representation)

is completely standard and will not be discussed here. For details, see Watson�s (1994) handbook chapter.
Estimates of the parameter 
 can be obtained from the triangular model or the vector error correction

model. The latter model can be estimated by reduced rank regression (which is maximum likelihood under
normality) once identifying assumptions on 
 have been made. This estimation method, the Johansen
procedure, is described in Hamilton�s chapter 20. An alternative approach, and the approach we will take,
is to base estimation on the triangular model. In that model, identi�cation is achieved by specifying yt and
xt in such a way that zt = (y0t; x

0
t)
0 is cointegrated with 
 =

�
Ir;��0

�
; where � is an unknown parameter.

For simplicity, we focus on the case where yt is a scalar time series. Moreover, we ignore deterministic
terms, since the inclusion of these does not change the results of primary interest. We will study the model

yt = �0xt + u
y
t

�xt = uxt ;

where yt is a scalar, xt is an m-vector (m = k � 1) with x0 = 0 and�
uyt
uxt

�
= 	(L) "t:

Three cases will be considered:

1. 	(L) = Ik and

"t =

�
"yt
"xt

�
� i:i:d: N

��
0
0

�
;

�
�yy 0
0 �xx

��
:

2. 	(L) = Ik and

"t =

�
"yt
"xt

�
� i:i:d: N

��
0
0

�
;

�
�yy �0xy
�xy �xx

��
:

3. 	(L) =
P1
i=0	iL

i and "t � i:i:d: (0;�) :

In case 1 there is no serial correlation and the regressor xt is strictly exogenous in the sense that fuyt g is
independent of fxtg : In case 1, the model reduces to the neoclassical normal regression model studied in
e.g. Econ 240A. It turns out that many results from case 1 carry over to cases 2, where �endogeneity�is
introduced, and case 3, where serial correlation is accommodated.

CASE 1: No serial correlation, exogenous regressors

The model is:

yt = �0xt + "
y
t

�xt = "xt ;

13
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where yt is a scalar, xt is an m-vector (m = k � 1) with x0 = 0 and

"t =

�
"yt
"xt

�
� i:i:d: N

��
0
0

�
;

�
�yy 0
0 �xx

��
:

The OLS estimator

�̂ =

 
TX
t=1

xtx
0
t

!�1 TX
t=1

xtyt

!

is also the MLE. Its distributional properties are well known:

�̂ � N

24�; �yy  TX
t=1

xtx
0
t

!�135
conditional on fxtg : The unconditional distribution of �̂ is a (covariance) mixture of normals with mean
�:

Inference on � is straightforward. The hypothesis H0 : R� = q; where R is a full rank r �m matrix,
can be tested by means of

F =
1

r

�
R�̂ � q

�0 24�̂2R TX
t=1

xtx
0
t

!�1
R0

35�1 �R�̂ � q� ;
where �̂2 = (T �m)�1

PT
t=1 "̂

y2
t ; "̂

y
t = yt � �̂

0
xt: Under H0; F � F (r; T �m) conditional on fxtg. This

conditional distribution does not depend on fxtg and is therefore the unconditional distribution as well.

Asymptotics. As usual, we need to rely on asymptotic results in more realistic models than the case
1 model. For comparison, we therefore characterize the asymptotic properties of �̂ and F in case 1. We
have:

T
�
�̂ � �

�
� N

240; �yy  1

T 2

TX
t=1

xtx
0
t

!�135
conditional on fxtg : Moreover,

1

T 2

TX
t=1

xtx
0
t !d �

1=2
xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx ;

where Wx is an m-dimensional Wiener process. Heuristically, we might therefore expect the limiting

distribution of T
�
�̂ � �

�
to be covariance mixture of normals with mean zero and �variance�

�yy

�
�1=2xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

��1
:

More formally, using the results from the multivariate unit root model, we have:

14
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T
�
�̂ � �

�
=

 
1

T 2

TX
t=1

xtx
0
t

!�1 
1

T

TX
t=1

xt"
y
t

!

=

 
1

T 2

TX
t=1

xtx
0
t

!�1 
1

T

TX
t=1

xt�1"
y
t +

1

T

TX
t=1

"xt "
y
t

!

!d

�
�1=2xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

��1�
�1=2xx

�Z 1

0
Wx (r) dWy (r)

�
�1=2yy

�
;

where Wx and Wy are independent Wiener processes of dimension m and 1; respectively.

Since T
�
�̂ � �

�
= Op (1) ; �̂ is superconsistent. As in the unit root model, this result is driven by the

fact that the regressor (xt) and the error term ("yt ) are I(1) and I(0) ; respectively. By the properties of
the Itô integral,

�1=2xx

�Z 1

0
Wx (r) dWy (r)

�
�1=2yy � N

�
0; �yy�

1=2
xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

�
conditional on fWx (r) : 0 � r � 1g : Therefore, the limiting distribution of T

�
�̂ � �

�
is a covariance mix-

ture of normals:

�
�1=2xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

��1�
�1=2xx

�Z 1

0
Wx (r) dWy (r)

�
�1=2yy

�
� N

"
0; �yy

�
�1=2xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

��1#

conditional on fWx (r) : 0 � r � 1g :
Under H0 : R� = q; F � F (r; T �m) and

r � F =
�
R�̂ � q

�0 24�̂2R TX
t=1

xtx
0
t

!�1
R0

35�1 �R�̂ � q�!d �
2 (r) ;

so asymptotic inference on � can be based on the �2 distribution.

CASE 2: No serial correlation, endogenous regressors

The model is:

yt = �0xt + "
y
t

�xt = "xt ;

15
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where yt is a scalar, xt is an m-vector (m = k � 1) with x0 = 0 and

"t =

�
"yt
"xt

�
� i:i:d: N

��
0
0

�
;

�
�yy �0xy
�xy �xx

��
:

Estimation. Adding and subtracting �0xy�
�1
xx�xt = �0xy�

�1
xx "

x
t on the right hand side of the equation

yt = �0xt + "
y
t ;

we have:

yt = �0xt + �
0�xt + "

y:x
t ;

where � = ��1xx�xy and "y:xt = "yt � �0xy�
�1
xx "

x
t � i:i:d: N

�
0; �yy:x = �yy � �0xy��1xx�xy

�
: Since f"y:xt g is

independent of fxtg ; we are back in the neoclassical normal regression model and an unbiased estimator
of � can be obtained by estimating the following equation by OLS:

yt = ~�
0
xt + ~�

0
�xt + ~"

y:x
t (t = 1; : : : ; T ) :

Conditional on fxtg ;

~� � N

24�; �yy  TX
t=1

x�t x
�0
t

!�135 ;
where x�t = xt �

�PT
s=1 xs�x

0
s

��PT
s=1�xs�x

0
s

��1
�xt: The unconditional distribution of ~� is a (covari-

ance) mixture of normals with mean �:
The hypothesis H0 : R� = q; where R is a full rank r �m matrix, can be tested by means of

F =
1

r

�
R~� � q

�0 24~�2R TX
t=1

x�t x
�0
t

!�1
R0

35�1 �R~� � q� ;
where �̂2 = (T � 2m)�1

PT
t=1 (~"

y:x
t )

2
: Under H0; F � F (r; T � 2m) conditional on fxtg. This conditional

distribution does not depend on fxtg and is therefore the unconditional distribution as well.
The estimator ~� is the dynamic OLS (DOLS) estimator of �: It can be shown that ~� is the MLE of �:

In �nite samples, ~� is di¤erent from the (static) OLS estimator �̂ =
�PT

t=1 xtx
0
t

��1 �PT
t=1 xtyt

�
from

yt = �̂
0
xt + "̂

y
t (t = 1; : : : ; T ) :

Asymptotics. By the properties, of OLS,

T
�
~� � �

�
=

 
1

T 2

TX
t=1

x�t x
�0
t

!�1 
1

T

TX
t=1

x�t "
y:x
t

!
:
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Using the results

1

T

TX
t=1

�xt�x
0
t !p E

�
�xt�x

0
t

�
= �xx;

1

T

TX
t=1

xt�x
0
t = Op (1) ;

1

T

TX
t=1

�xt"
y:x
t !p E (�xt"

y:x
t ) = 0;

we have:

1

T 2

TX
t=1

x�t x
�0
t =

1

T 2

TX
t=1

xtx
0
t + op (1)!d �

1=2
xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

and

1

T

TX
t=1

x�t "
y:x
t =

1

T

TX
t=1

xt"
y:x
t + op (1)!d �

1=2
xx

�Z 1

0
Wx (r) dWy (r)

�
�1=2yy:x;

whereWx andWy are independent Wiener processes of dimension m and 1; respectively. As a consequence,

T
�
~� � �

�
!d

�
�1=2xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

��1�
�1=2xx

�Z 1

0
Wx (r) dWy (r)

�
�1=2yy:x

�
;

a covariance mixture of normals:

�
�1=2xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

��1�
�1=2xx

�Z 1

0
Wx (r) dWy (r)

�
�1=2yy:x

�
� N

"
0; �yy:x

�
�1=2xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

��1#

conditional on fWx (r) : 0 � r � 1g :
Under H0 : R� = q; F � F (r; T �m) and

r � F =
�
R~� � q

�0 24~�2R TX
t=1

xtx
0
t

!�1
R0

35�1 �R~� � q�!d �
2 (r) ;

so asymptotic inference on � can be based on the �2 distribution.
The static OLS estimator satis�es
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T
�
�̂ � �

�
=

 
1

T 2

TX
t=1

xtx
0
t

!�1 
1

T

TX
t=1

xt"
y
t

!

=

 
1

T 2

TX
t=1

xtx
0
t

!�1 
1

T

TX
t=1

xt"
y:x
t +

1

T

TX
t=1

xt"
x0
t �

!
:

Since

T�1
TX
t=1

xt"
x0
t = T�1

TX
t=1

xt�1"
x0
t + T

�1
TX
t=1

"xt "
x0
t

!d �
1=2
xx

Z 1

0
Wx (r) dWx (r)

0�1=20xx +�xx;

we have:

T
�
�̂ � �

�
!d

�
�1=2xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

��1
�
�
�1=2xx

�Z 1

0
Wx (r) dWy (r)

�
�1=2yy:x +�

1=2
xx

�Z 1

0
Wx (r) dWx (r)

0
�
��1=2xx �xy + �xy

�

and

T
�
�̂ � ~�

�
!d

�
�1=2xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

��1�
�1=2xx

�Z 1

0
Wx (r) dWx (r)

0
�
��1=2xx �xy + �xy

�
:

As is ~�; �̂ is superconsistent. On the other hand, the limiting distributions of ~� (the MLE) and �̂ (the
QMLE assuming �xy = 0) are di¤erent unless �xy = 0: The right hand side in the preceding display can

be interpreted as a �simultaneous equations bias�term in the limiting representation of T
�
�̂ � �

�
: The

distribution of the test statistic

�
R�̂ � q

�0 24�̂2R TX
t=1

xtx
0
t

!�1
R0

35�1 �R�̂ � q� ; �̂2 =
1

T �m

TX
t=1

"̂y2t ;

is not asymptotically pivotal under H0 : R� = q:

E¢ ciency. From a practical point of view, ~� is a more attractive estimator than �̂ because it is straight-
forward to use ~� to conduct inference. More importantly, it turns out that there is a well de�ned sense
in which ~� is asymptotically e¢ cient relative to �̂: Heuristically, it is pretty obvious that ~� is superior to
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�̂ since the mixture normal limiting representations of T
�
~� � �

�
and T

�
�̂ � �

�
have the same variance,

but only the former has zero mean. A more satisfactory statement will be developed next.
Suppose �̂1 and �̂2 are estimators of a (scalar) parameter � 2 � � R such that

p
n
�
�̂1 � �

�
!d N

�
0; �21 (�)

�
;

and

p
n
�
�̂2 � �

�
!d N

�
0; �22 (�)

�
:

In such cases, �̂1 is said to be asymptotically e¢ cient relative to �̂2 if �21 (�) � �22 (�) for all � 2 �:
The applicability of this de�nition of asymptotic relative e¢ ciency is limited by the fact that asymptotic
normality with mean zero is required (the

p
n-consistency requirement is also restrictive, but is easy to

relax). A more general de�nition is the following. A �n-consistent estimator �̂1 (i.e. �n
�
�̂1 � �

�
has a

non-degenerate limiting distribution) is said to be asymptotically e¢ cient relative to �̂2 if

limn!1 Pr
h
�c � �n

�
�̂1 � �

�
� c
i
� limn!1 Pr

h
�c � �n

�
�̂2 � �

�
� c
i

for all c � 0 and all � 2 �: According to this de�nition, �̂1 is asymptotically e¢ cient relative to �̂2 if
p
n
�
�̂1 � �

�
!d N

�
0; �21 (�)

�
;

and

p
n
�
�̂2 � �

�
!d N

�
�2 (�) ; �

2
2 (�)

�
with �21 (�) � �22 (�) for all � 2 �:

Vector-valued estimators can also be accommodated. Suppose �̂1 and �̂2 are estimators of a parameter
vector � 2 � � Rk such that

p
n
�
�̂1 � �

�
!d N [0;�1 (�)] ;

and

p
n
�
�̂2 � �

�
!d N [0;�2 (�)] :

In such cases, �̂1 is said to be asymptotically e¢ cient relative to �̂2 if �2 (�)��1 (�) is positive semide�nite
for all � 2 �: More generally, a �n-consistent estimator �̂1 (i.e. �n

�
�̂1 � �

�
has a non-degenerate limiting

distribution, where f�ng is a sequence of k � k matrices) is said to be asymptotically e¢ cient relative to
�̂2 if

limn!1 Pr
h
�n

�
�̂1 � �

�
2 C

i
� limn!1 Pr

h
�n

�
�̂2 � �

�
2 C

i
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for all convex sets C � Rk; symmetric about the origin (i.e. x 2 C implies �x 2 C) and all � 2 �: In
particular, �̂1 is asymptotically e¢ cient relative to �̂2 if

p
n
�
�̂1 � �

�
!d N [0;�1 (�)] ;

and

p
n
�
�̂2 � �

�
!d N [�2 (�) ;�2 (�)] ;

where �2 (�)� �1 (�) is positive semide�nite for all � 2 �:
Let ~B and B̂ denote the random variables appearing in the limiting representations of T

�
~� � �

�
and

T
�
�̂ � �

�
; respectively:

~B =

�
�1=2xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

��1�
�1=2xx

�Z 1

0
Wx (r) dWy (r)

�
�1=2yy:x

�
:

and

B̂ =

�
�1=2xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

��1
�
�
�1=2xx

�Z 1

0
Wx (r) dWy (r)

�
�1=2yy:x +�

1=2
xx

�Z 1

0
Wx (r) dWx (r)

0
�
��1=2xx �xy + �xy

�

Conditional on fWx (r) : 0 � r � 1g ; ~B and B̂ are both normally distributed with

E
�
~BjWx

�
= 0;

E
�
B̂jWx

�
=

�
�1=2xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

��1�
�1=2xx

�Z 1

0
Wx (r) dWx (r)

0
�
��1=2xx �xy + �xy

�
;

and

V
�
~BjWx

�
= V

�
B̂jWx

�
= �yy:x

�
�1=2xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

��1
:

As a consequence,

Pr
�
~B 2 CjWx

�
� Pr

�
B̂ 2 CjWx

�
for any convex sets C � Rm; symmetric about the origin. In particular,
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limT!1 Pr
h
T
�
~� � �

�
2 C

i
= Pr

�
~B 2 C

�
= E

h
Pr
�
~B 2 CjWx

�i
� E

h
Pr
�
B̂ 2 CjWx

�i
= limT!1 Pr

h
T
�
�̂ � �

�
2 C

i
for any � and any convex sets C; symmetric about the origin. Therefore, ~� is asymptotically e¢ cient
relative to �̂:

It can be shown that the maximum likelihood estimator ~� asymptotically e¢ cient relative to any �reg-

ular� estimator and the limiting representation of T
�
~� � �

�
therefore serves as an e¢ ciency bound in

the present estimation problem. A precise statement can be found in Phillips (1991, Econometrica, 59,
283-306).

Remark. Any estimator �� satisfying

T
�
�� � �

�
!d

�
�1=2xx

�Z 1

0
Wx (r)Wx (r)

0 dr

�
�1=20xx

��1�
�1=2xx

�Z 1

0
Wx (r) dWy (r)

�
�1=2yy:x

�
is asymptotically e¢ cient. Since

T
�
~� � �

�
=

 
1

T 2

TX
t=1

xtx
0
t

!�1 
1

T

TX
t=1

xt"
y:x
t

!
+ op (1) ;

the infeasible estimator

~�
+
(�) =

 
1

T 2

TX
t=1

xtx
0
t

!�1 
1

T

TX
t=1

xty
+
t (�)

!
; y+t (�) = yt � �0�xt;

is asymptotically e¢ cient. A feasible e¢ cient estimator is ~�
+
�
�̂
�
; where �̂ is any consistent estimator of

� = ��1xx�xy such as �̂ = �̂
�1
xx �̂xy; where �̂xx = T�1

PT
t=1�xt�x

0
t and �̂xy = T�1

PT
t=1�xt"̂

y
t : �

CASE 3: Serial correlation, endogenous regressors

The model is:

yt = �0xt + u
y
t

�xt = uxt ;

where yt is a scalar, xt is an m-vector (m = k � 1) with x0 = 0 and
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�
uyt
uxt

�
=

�
	y (L)
	x (L)

�
"t = 	(L) "t;

where 	(L) =
P1
i=0	iL

i with j	(1)j 6= 0;
P1
i=1 i k	ik <1; and "t � i:i:d: (0;�) :

To obtain a well behaved estimator of �; we must eliminate �simultaneous equation bias�. Doing so
is more complicated when uyt and u

x
t are both mutually and serially correlated. Moreover, we must take

serial correlation into account when doing inference.
We can eliminate �simultaneous equation bias�by including �omitted�variables to the right hand side

of the regression equation in such a way that the error term becomes asymptotically uncorrelated (in an
appropriate sense) with the regressor xt: It can be shown that there exists a two-sided lag polynomial
� (L) =

P1
i=�1 �iL

i of (possibly) in�nite order such that

uy:xt = uyt � � (L)
0 uxt = uyt � � (L)

0�xt;

is uncorrelated with fuxs : s 2 Zg : If � (L)
0�xt was observed, we could simply regress yt� � (L)0�xt on xt

using OLS, yielding the estimator
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whose asymptotic behavior can be characterized as follows:
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where


 =

�
!yy !0xy
!xy 
xx

�
= 	(1)�	 (1)0

is the long-run covariance matrix of ut and !yy:x = !yy � !0xy

�1
xx!xy is the long-run variance of u

y
t

conditional on uxt : Even when u
y:x
t is serially correlated, it turns out that OLS is asymptotically equivalent

to GLS. In this sense, the infeasible estimator �� is asymptotically e¢ cient and the task is to �nd a feasible
estimator which is asymptotically equivalent to ��:

In practice, when � (L)0�xt is unobserved we need to estimate (some function of) � (L) in order to get
a well behaved, feasible estimator of �: The simplest approach is to approximate � (L) by a �nite-order
two-sided polynomial and estimate the following equation by OLS:
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yt = ~�
0
xt +

pX
i=�p

~�
0
i�xt�i + ~u

y:x
t (t = p+ 1; : : : ; T � p) :

The estimator ~� is the DOLS estimator of �: If � (L) =
Pp
i=�p �iL

i; it is easy to show that
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Even if � (L) is not of �nite order, the DOLS estimator is asymptotically equivalent to �� provided p
satis�es p ! 1 and p= 3

p
T ! 0 as T ! 1 and certain additional regularity conditions hold (for details,

see Saikkonen (1991, Econometric Theory, 7, 1-21)).
The hypothesis H0 : R� = q can be tested using

G =
�
R~� � q

�0 24~!yy:xR TX
t=1

xtx
0
t

!�1
R0

35�1 �R~� � q� ;
where ~!yy:x is a consistent estimator of !yy:x such as the Newey-West estimator constructed using f~uy:xy g :
Under H0; G!d �

2 (q) :
An asymptotically equivalent estimator can be obtained by regressing yt on xt and �xt�p; : : : ;�xt+p

using feasible GLS. This estimator is known as the DGLS estimator of �: Two alternative estimators,
the fully modi�ed OLS (FM-OLS) estimator and the canonical cointegration regression (CCR) estimator,
are constructed (essentially) by regressing yt � �̂ (1)0�xt on xt and correcting for bias, where �̂ (1) is a
consistent estimator of � (1) = 
�1xx!xy: In addition, � can be estimated e¢ ciently using band spectrum
regression (a frequency domain method) or reduced rank regression of a vector autoregressive model.
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