Math 104—Spring 2005—Anderson
Lecture Notes on Contraction Mapping Theorem

Definition 0.1 Let (S,d) be a metric space. A function f :
S — S is a contraction if

da €0,1) Va,y € S d(f(z), f(y)) < ad(z,y)
s is a fized point of f if f(s) = s.

Theorem 0.2 (Contraction Mapping Theorem) If(S,d) is
a complete metric space, and f : S — S 1s a contraction, then
f has a unique fixed point.

Proof: We first show that a fixed point exists. Since S # (),
we may choose an arbitrary sy € S. Consider the sequence (s,,)
defined by

s1 = f(s0)
S2 = f(Sl)
Spn+1 = f(sn)

If s1 = sg, then f(sg) = s1 = Sp, 0 s¢ is a fixed point.
If 51 # sp, we claim that

d(sn—l-b Sn) S Odnd(sb SO)
The proof of the claim is by induction. Note that
d(s2,s1) = d(f(s1), f(s0))

< Oéd(Sl, So)



Now suppose that d(s,11,$,) < @”d(s1,50). Then
d(3n+27 3n+1) - d(f(3n+1)7 f(sn))

ad(Snt1, Sn)
a-a"d(sy, So)

= o/’“d(sl, S0)

VARVAN

so the claim follows by induction.

Next, we show that (s,) is a Cauchy sequence. Let ¢ > 0.
Since 0 < a < 1, lim,,_,o @™ = 0 by Example 9.7(b). Choose N
such that

v _el—aqa)

o <
d($1, So)

Ifm>n>N,

d(Sm, sn) < d(Sm, Sm-1) + -+ + d(Sp+1, 8n)
< m_ld(sl, s0) + o 2d(sy, 80) + - -+ a"d(s1, 80)

11— 1 —
— ( o a )d(sl,so) (by Exercise 9.18)
a”

11— a
= d(sl, S0)
< 1Oinad(31,so)
< 1OiNad(31,so)
< €

so (s,) is Cauchy.
Since (S, d) is complete, (s,) has a limit s € S. We will show
that f(s) =s. Fix € > 0. There exists N; such that

n > Ny = d(sp,s) <

DN | M
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Since (s,,) is Cauchy, there exists N, such that

n > No = d(Spt1,5n) <

N | ™

Choose any n > max{ Ny, No}. Then

d(s, f(s)) < d(s,5n41) + d(sn11, f(5))
= d(s,5011) +d(f(sn), f(5))

€

< §+ad(sn,s)
_E,c

2 2
= ¢

Since ¢ is arbitrary, d(s, f(s)) = 0, so f(s) = s. Thus, f has a
fixed point.

To show the fixed point is unique, suppose f(s) = s and
f(t) =t. Then

d(s,t)

d(f(s), f(t))
ad(s,t)

IN

(1 —a)d(s,t) <0

so d(s,t) < 0. Since d is a metric, d(s,t) = 0, and thus s = ¢, so
the fixed point is unique. m



