Econ 204 Summer 2009
Problem Set 3
Due in Lecture Friday August 7

1. Cauchy Sequence
Suppose {z,} € R™ is a Cauchy sequence. It has a subsequence {x,, } such that lim,, 0 Zn, =
z. Show that lim,, ., x, = x.
Solution:
Consider a Cauchy sequence {z,} € R". For any ¢ > 0,there exists an N(¢) such that for any
m, n >0, |xm—xn| < 5. If there exists a subsequence {xy, } of {z,}, such that lim,, . z,, =z,
then there exists a K (g) such that k > K(g) = |z,, — x| < §. Choose M > maz{ng ), N(e)}.
For every n > M, we can find a n, > M. By triangle inequality, |znfa:| < |mnfxnk|+}znk 7m| <
£+ £ =e. Hence lim, . 7, = @.

2. Compactness

Use the open cover definition of compactness to show that the subset {n%ﬂ, n=0,1,2.. } of

R is compact.
Solution:
Denote A = {#, n=0,1,2.. } Let the collection of sets {UA})\eA

0 € A, there exists an open set Uy, € {UA} such that 0 € Uy,. Hence we can find an ¢ > 0
such that B.(0) C Uy,. Note that there are only finitely many points of K not included in Uy,
which are those with > ¢. Denote them as ay,...,a, and for each a; choose a U, from

be an open cover. Since

n
n2+1
{UA}/\GAsuch that a; € Uy,. Then {Uy,,...,Ux,} is a finite subcover by construction. So A is
compact.

3. Completeness

a. Show that (0, 1) is not complete in the Euclidean metric space.
Solution:
By Theorem 9 in Lecture 5, R is complete with Euclidean metric. V A C R, by Theorem
11 of Lecture 5, A is complete if and only if A is a closed subset of R. So we only have
to show that (0,1) is not closed. Consider a sequence {x,}, =, = ﬁ, {zn} C (0,1),
lim, oozyp, = 0 ¢ (0,1). So (0,1) is not closed. Therefore (0,1) is not complete in the
Euclidean metric space.

b. Show that {%, m # 0, n,m € N} is not complete in the Euclidean metric space.

Solution:

By Theorem 9 in Lecture 5, R is complete with Euclidean metric. V A C R, by Theorem
11 of Lecture 5, A is complete if and only if A is a closed subset of R. So we only have to
show that {”T‘/E, m # 0, n,m € N} is not closed in the Euclidean metric space. Consider
a sequence {z,}, x, is the decimal expansion of V2 up to the n’th decimal place, i.e
r, = 1.4, x5 = 141, 3 = 1.414,....So =z, is rational number. Hence y, = z,V2 €
{"Tﬁ,m%O,n,mGN}. Butbutxnﬂﬁéynﬂ2¢{"Tﬁ,m#O,n,mEN}. So
{"7‘/5, m # 0, n,m € N} is not closed. Thus it’s not complete.

4. Completeness and Compactness

(R, d) is a metric space where d is defined as follows:
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(a) Show that (R,d) is complete.
Solution:
To see completeness, note that the only Cauchy sequences are those that are constant after
some (finite) point. Otherwise, for every ., # x, = d(zm, Tn) = 1. As constant sequences
trivially converge to their constant value, it follows that the given metric space is complete.
(b) Is (R, d) bounded? Is (R, d) compact? Prove your answer.
Solution:

(R, d) is bounded but not compact. By the definition of d, (R, d) is a bounded (and com-
plete) metric space, but it is not compact. Since every point is open under the topology
induced by this metric, it follows that the cover {z,}ocr, whose elements are singletons,
has no finite sub-cover.

5. Continuous Function

Let f: X — Y be a continuous function (X and Y are metric spaces).

a. Prove that if X is compact then f(X), the image of f, is compact.
Solution:
Let J,en Ua be an open cover of f(X). Continuity implies that f~1(U,) is open. By
compactness of X, 3 indices a1, ag, ..., a, such that X = f~3(U,,) U f~1(U,,) U ... U
7 Us,) = f(X) C Uy UU,, U ... U Uan. So {Usys -+, Ua, } is a finite subcover of f(X).
Therefore, f(X) is compact.

b. Prove that if X is connected then f(X), the image of f, is connected.
Solution:

We prove the contrapositive: if f(C) is not connected, then C is not connected. Suppose
f(C) is not connected. Find P # () # Q, f(C) = PUQ, PNQ = PNQ = 0. Let
A= f"YP ﬂC’B—f He)ync. SoA;é(Z)andB;AQ. Then we have AU B =
IO UUT@NO) = (IPLL @) NC =/ UO)NC = C Sine

A=f C C f~4(P)C f~Y(P) and f~1(P) is closed. Hence A C f~1(P). Similarly,
ng_l@)- SOAﬂBgf {P)NfHQ) = f(PNQ) = fT'0) =0. ANB C
FFYAP)N Q)= f~HPNQ) = f10) = 0. So C is not connected.

6. Upper Hemicontinuous

Let F : C x R? — R! be a continuous function, where C C R!. Let ¥(w) = {z € R" : F(z,w) =
0} be a correspondence. Show directly from the definition that if C' is compact, then ¥ is an
upper hemicontinuous correspondence. (Hint: The proof is by contradiction. Suppose that ¥
is not upper hemicontinuous at some wq; this tells you that there is a sequence w,, — wy with
certain properties.)

Solution:

Suppose that ¥ is not an upper hemicontinuous at some wy. Then there exists an open set
V such that V O ¥(wg) and we can find a sequence w,, — wo and z, € ¥(w,) such that
x, ¢ V. Since C' is compact, so we can find a convergent subsequence {xnk} of {xn} such that
lim,,, 00 Tn, = @’ .Note that lim,, oo wn, = wp. Since F is a continuous function, F(z',wg) =
limy,, o0 F(@n,,,wn,) = 0. So ' € ¥(wp) thus 2’ € V. Since V is an open set, there exists an
€ > 0 such that B, (:c’) C V. Hence z,, €V for n; sufficiently large, a contradiction. Thus ¥ is
an upper hemicontinuous.



