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Solutions to Problem Set 7

1. Let b€ £(S). By Ito’s Lemma,
dS = Spdt + SadW
[ vas = [ b(Spyde+ [ b(Sz)aw

Note that when we write the product of two column vectors such as S
and [, the product is taken componentwise, i.e.
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[y bdS is deterministic if and only if

b(w, 1)(S(w, t)5) = 0

similarly
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Since & has rank 2, ker(c), the kernel of & (i.e. the set of v € R?
such that v(g) = 0) is 1-dimensional; thus, there is v € R? such that
ker(c) = Rv. Without loss of generality, we may assume that |v| = 1.

Thus, fOT bdS is deterministic for all ¢ if and only if there exists a scalar
process « such that

if and only if

v
b(w,t) = a(w, 1) S D)7
almost everywhere, i.e.
a(w, t)u,
bp(w,t) = ———
=5 e

almost everywhere. Notice that the last formula makes sense because

Sn(w,t) > 0 for all (w,t).

If b(w,t)S(w,t) =1, then
Uogo(w,t) vlgl(w,t) UQSQ(w,t)

[ — — — =1
a(w7 ) So(wvt) Sl(wvt) 52(w7t)
if and only if
1
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Note the last formula makes sense, as long as the denominator is
nonzero. This proves uniqueness. Assuming that vg + v + vy # 0,
we let |

- v

bo(w;?) vo + v1 + vy (S(w, t))T
Since S,(w,t) > 0 for all (w,t), for all w we have S, (w,t) is uniformly
bounded away from zero on each finite interval [0,7], which shows
by € E(S) and establishes existence as long as vg + vy + v9 # 0. Notice
that the condition vg 4 v; + v9 # 0 is a condition on &; it is generically
satisfied, i.e. if we put 6-dimensional Lebesgue measure on the space
of 3 x 2 matrices o, then except for a set of Lebesgue measure zero, o
has rank 2 and v € ker(a), v # 0 = vg + vy + v # 0. For the rest of
the problem, we assume that v + vy + vy # 0.
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2. by is self-financing if and only if
if and only if

if and only if

(sogf,t)’ Sl(vui,t)’ Sz(vj,t)) (

if and only if

v =
Since v € kera, vy = 0 if and only if
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i.e. gt is in the span of the two columns of &.
3. We saw in part (1) that [bdS is deterministic if and only if
v
bw,t) = t)—=————=

for some scalar process a. b is self-financing if and only if
_ t _
bS(1) = b(0)S(0) + [ bdS for all
0

4. Solving the stochastic differential equation,

Qz(w,t)v S 1) = qz(w,O)v Sl ¢ qz(w,t)v -
T = ooy 0 |, Gy ©
_ toofw, )y o
& ofw, t)(vg+ v1 + v2) = a(w,0)(ve + v1 + V) + /0 W(Su) dt
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The money market fund is

M(w,t) = blw,t)S(w,t)
e(Uﬂt)/(Uo-I-Ul +U2)U _

= aw,0) S )7 S(w,t)

= a(w,0)(vo + v + Uz)e(”m)/(vo"'”l"‘”?)

The interest rate process r(w,t) satisfies

dM v
r(w,t)dt = = dt
(,1) M v + v + Uy
SO _ , _ _
_ v _ Vofto + viftn + Va2
r(w,t) = =
Vg + V1 + V2 Vg + V1 + V2
. Let
”
=
”

The stochastic integral equation is

_ t _ T
S(t) =50+ [ Spds+ [ Soaw

Putting this into the form of Chapter 4 of Nielsen, the vector A of prices
of risk must satisfy ) ) )

(Sp) <(SF) = (Sa)AT
We can divide through the equation by S (as noted in part (1), it just
multiplies elements componentwise) to obtain

fer=a)\’

This equation has a solution if and only if i <7 lies in the span of the
columns of &. Since rank ¢ = 2, and v is perpendicular to the columns
of &, the span of the columns of & consists exactly of those vectors



perpendicular to v. Notice that

v(pg©r) = wvofio + vifiy + Vafiy S [ver + vir + vor]
= Woflo + V1fi1 + v2fiz S[ve + vy + vo] T

Vofto + Vit + U2M2)
v + v + Uy

= voflo + Vifl1 + Vafly < (voflo + Vil + Va2fiz)

=0

= oflo + V1fi1 + Vafiy E[ve + v1 + V3] (

so the equation i <7 = aAT has a solution. Indeed, if we let

then



