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Solutions to Problem Set 2

1. This solution is revised, to correct a computational error, and to empha-
size a point that several students misunderstood: we need to construct

B̂ fom B, and this needs to be done so that B̂ is a standard Brown-
ian motion. Because A is symmetric, it has an orthonormal basis of
eigenvectors, and it can be diagonalized by a unitary transformation
constructed from the basis. We need to �nd the orthonormal basis and
unitary transformation in order to construct the standard Brownian
motion B̂. We diagonalize the matrix
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so we must have
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We check that B̂ is a standard Brownian motion. We compute the
covariance matrix of B̂ from the covariance matrix of B:
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This shows that the covariance matrix of B̂ is tI, where I is the 2 �
2 identity matrix. B̂ is continuous and has independent increments
because B does, so B̂ is a standard Brownian motion.
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2. Z(!; t) = e�t+�B(!;t) is a martingale if and only if for all t � s,
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since B(�; s) is Fs-measurable and B(�; t)�B(�; s) is independent of Fs.
Since the �rst factor is never zero, Z is a martingale if and only if
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Let X(!) = �(B(!; t) � B(!; s)). X is Normal with mean zero and
variance 
 = �2(t� s), so
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If you take the integral of Xn rather than X̂n, the Stieltjes integral you
get corresponds to something called the Stratonovich Integral which is
studied in stochastic process theory but does not (to my knowledge)
have any use in Finance, because Xn is not adapted. Even though Xn

and X̂n are very close together,
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should not be surprising; if you have inside information, you can make
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a �nite amount of money by investing very little, and a huge amount
of money by investing a modest amount.
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